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Abstract

This paper develops a model of network-based interaction of agents with differ-
ing degrees of sophistication that hold private information regarding the realized state
of the world, and investigates its implications for information aggregation. I con-
sider mixed communication structures, networks that contain Bayesian agents and
non-Bayesian agents, who behave according to the standard DeGroot[6] model. I show
that if the updating function of each non-Bayesian agent is common knowledge (among
the Bayesians), then all agents generically achieve perfect information aggregation in
the limit. Thus, mixed communication structures are informationally equivalent to
Bayesian communication structures. Finally, I show that the perfect information ag-
gregation result does not rely on common knowledge of the updating functions of the
non-Bayesian agents. If for each non-Bayesian agent there is a finite set of updating
functions commonly known to contain the true updating function, then perfect learning

occurs for generic sets and generic priors on the fundamental state space.
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1 Introduction

An important role of social networks is to function as a conduit of information and opinions.
Individuals interact with their social peers and are susceptible to changes in opinion as a
response to the opinions of those they interact with. A relevant question in this context
is if the interaction in social networks results in agents correctly aggregating the private
information of others, or whether the social interaction might lead to misinformation in the
sense of incorrect aggregation of private information. Individuals do differ in their ability to
process information and undertake complex inferences. Rational updating in social networks
requires highly complex inferences as agents have to account for the fact that their neighbors
opinions are affected by the neighbors of their neighbors, which might be unobserved, and so
on.! This paper provides a first step towards answering the question of how the interaction
of agents with differing degrees of sophistication affects the quality of the information the
respective agents hold in the long run. Two different types of agents are considered; Bayesian
agents and non-Bayesian agents that behave according to the standard DeGroot[6] model.
Two important questions in this context concern the characterization of conditions such
that (i) asymptotic consensus occurs among all agents, and (ii) the different types of agents
correctly aggregate information. In other words, under which conditions (i) do Bayesian and
non-Bayesian individuals hold the same beliefs in the long run, and (ii) are the Bayesian
agents able to perfectly aggregate the private information of all agents despite the noise

introduced by the non-Bayesian agents.

The question of evolution of behavior and opinions in social networks under repeated
interaction has been extensively analyzed in the literature. This question is generally ad-
dressed in the following setting: a finite set of agents are organized in a network and face
uncertainty regarding the realized state of the world. Each agent initially receives some
private information and then repeatedly announces his opinion while he observes the re-
peated announcements of his neighbors. This process of communication is denoted as the
communication structure. The existing literature can be divided into Bayesian and non-
Bayesian approaches depending on the assumptions on the updating mechanism of agents.
The standard framework in the non-Bayesian learning literature is based on the DeGroot|[6]
model; agents are assumed to incorporate their private information in a Bayesian manner
only in the first round of interaction, prior to observing opinions of others, and from the

second period onward the opinion an agent announces is a weighted average of the last pe-

'For background on the complexities of Bayesian updating in social networks see Gale and Kariv [9], and
Mueller-Frank [18].



riod opinions of his neighbors (and herself). Bayesian updating models assume that agents
make indirect inferences regarding the initial private information of all agents based on the
history of opinions of their neighbors. The typical result in both streams of the literature
is that when agents communicate their (subjective) posterior belief of an uncertain event,
then strongly connected networks are generally sufficient to achieve (asymptotic) consensus

among all agents.

This paper focuses on the information aggregation properties of communication struc-
tures with different updating mechanisms. The private information of agents is represented
by partitions of a state space. In order to asses the information aggregation properties
I introduce the concept of Bayesian equivalence: a communication structure is Bayesian
equivalent if for each agent there exists a partition of the state space such that in every
state of the world, the limit belief of the agent equals the Bayesian posterior conditioning on
the corresponding cell of the partition. In a Bayesian equivalent communication structure
the limit belief of each agent correctly represents a subset of the private information of all
agents. Bayesian equivalence is a weaker requirement than perfect information aggregation,
where the limit belief of each agent incorporates the private information of every agent.
While perfect information aggregation can fail in Bayesian communication structures, it has
been shown that Bayesian communication structures satisfy perfect information aggregation,

generically in the space of priors, if the underlying undirected network is connected.?

1.1 Summary of the Results

The first question addressed in this paper concerns the information aggregation properties of
the standard non-Bayesian communication structure based on the DeGroot model[6], where
agents revise their opinion in each period by taking a weighted average of their own and
neighbors last period opinions. Do non-Bayesian communication structures satisfy Bayesian
equivalence? The first theorem of the paper establishes that, generically in the space of
weights agents assign to their neighbors, non-Bayesian communication structures are not
Bayesian equivalent. The inability of the non-Bayesian agents to process complex information
leads to failure of information aggregation and hence incorrect limit beliefs. The resulting
limit consensus beliefs do not correctly represent any subset of the private information of
agents. While the resulting asymptotic consensus opinion in non-Bayesian communication

structures might be desirable from a coordination perspective, its information aggregation

2See Mueller-Frank[18].



properties are unsatisfactory.

In order to address the questions of opinion formation in social networks composed of
agents with differing degrees of sophistication and the resulting information aggregation
properties I consider only two types of agents: fully rational, or Bayesian, agents on the one
hand and non-Bayesian agents on the other hand, who are modeled according to the standard
model of non-Bayesian learning in networks: they use a weighted average updating function
when forming their opinions. I assume common knowledge (among the Bayesian agents) of
the (i) network, (ii) partitions of all agents, (iii) type of each agent, Bayesian or non-Bayesian,
and (iv) the updating function each non-Bayesian agent uses. Since Bayesian communica-
tion structures correctly aggregate private information while non-Bayesian communication
structures fail to do so, a natural question to ask is what occurs in mixed communication
structures composed of Bayesian and non-Bayesian agents. In the context of the literature
on opinion formation in social networks the following are logical questions for the setting of
mixed communication structures. Does the typical asymptotic consensus result in strongly
connected networks carry forward to mixed communication structures? Does the introduc-
tion of some Bayesian agents into networks composed of only non-Bayesian agents allow all

agents to accurately aggregate private information?

Theorem 2 states that generically in the product space of common priors and weight
states, any mixed communication structure perfectly aggregates the private information of
all agents. Independent of the number and identities of Bayesian agents in a network,
the ensuing consensus opinion correctly represents the aggregated private information of all

agents.

Theorem 3 establishes that mixed communication and Bayesian communication struc-
tures are informationally equivalent. For generic priors and generic non-Bayesian updating
functions the consensus belief is identical in both structures in every fundamental state of
the world and, moreover, perfectly aggregates the private information of all agents. The
only difference between Bayesian and mixed communication structures lies in the fact that
in Bayesian structures all agents reach the consensus belief in finite time while in mixed
structures only the Bayesian agents reach the consensus opinion in finite time, while the

non-Bayesian might reach it only asymptotically.

Finally, I address the question whether the results carry forward to a setting where
the updating functions of the non-Bayesian agents are not common knowledge. Suppose
that the set of feasible updating functions of each non-Bayesian agent is finite. While the

Bayesian agents do not know which exact updating function a non-Bayesian agent uses, only
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finitely many are commonly considered possible. This extension is formally captured by an
extended state space equalling the product of the fundamental state space and the finite space
of possible updating functions. Theorem 4 establishes that for generic priors and generic
sets of possible updating functions, under two conditions on the information structure, any
mixed communication network achieves perfect information aggregation. Moreover, this
result holds for any set of priors the Bayesian agents hold on the set of possible updating

functions. Neither common priors nor commonly known heterogenous priors are necessary.

1.2 Discussion of the Results

The main result of the paper is somewhat surprising on first glance. We find that in any
connected network containing Bayesian and non-Bayesian agents every agent perfectly learns
the private information of all agents, independent of the number and location of the Bayesian
agents in the network. Intuitively one might be tempted to believe that in order for the
Bayesian agents to (i) overcome the noise introduced by the non-Bayesian agents, and (ii)
essentially determine the long run behavior of the non-Bayesian agents, they would have to
be placed in influential and central positions in the network and thereby serve as information
hubs. Our results show that this is not the case. As long as there exists a single Bayesian
agent somewhere in the network, asymptotic consensus and perfect information aggregation

occurs.

Approaching the setting from a different angle, consider a non-Bayesian communication
structure and suppose that a social planner can transform some, or all, non-Bayesian agents
into Bayesian agents. From an information aggregation point of view, a transition from a
non-Bayesian to a mixed or Bayesian communication structure leads to a societal gain. But
converting agents might be costly and the costs might differ according to their position in
the network. Theorem 2 states that no matter how many or which agents are converted to
Bayesian, these determine long run opinions and assure that the limit opinions of all agents
correctly incorporate the initial private information of all agents. Therefore Bayesian and
non-Bayesian agents located in a connected network are informationally equivalent in the
long run. Taking a big picture view, the results highlight a positive consequence of social
interaction; the long run dominance of optimal opinions, or choices, and the tendency of

non-Bayesian agents to obliviously converge to this informationally optimal opinion.

While the interaction is modeled as mere communication of posterior beliefs under ab-

sence of utility functions, there exists an equivalent setting with scoring rule type utility



functions in which exactly the same result hold. Moreover, for generic priors and weight
states, the Bayesian agents are not required to act myopically by focusing only on the
expected utility in the given round. Perfect information aggregation occurs allowing for

strategic behavior of the Bayesian agents.

The rest of the paper is organized as follows. In the next section, I briefly discuss the
relation of the paper to the existing literature on learning in networks. In section three, I
introduce the model and the concept of Bayesian equivalence. In section four, I consider non-
Bayesian communication structures, establish Theorem 1, and briefly discuss an alternative
concept to assess information aggregation in non-Bayesian communication structures. From
section five onward, mixed communication structures are analyzed. In section five, generic
perfect information aggregation in mixed communication networks, and generic equivalence
between Bayesian and mixed communication structures are established. Section six considers
information aggregation under lack of common knowledge of the updating functions of the
non-Bayesian agents and presents Theorem 4, generic perfect information aggregation in
mixed communication networks in a setting of finite sets of commonly considered possible
updating functions for each non-Bayesian agent. Section seven concludes. The proofs of
the theorems are either presented in the main text or in the appendix A, in which case
the structure of the proof is explained in the main text. Appendix A further provides the
proofs of all lemmas. Appendix B provides (i) further technical background, (ii) an example
of non-Bayesian communication structures to highlight failure of Bayesian equivalence, and
(iii) a setting where the asymptotic informational equivalence of Bayesian and Non-Bayesian

agents translates into equivalence in expected utility terms within finitely many rounds.

2 Related Literature

This paper contributes to the literature on opinion formation in social networks. The most re-
lated papers in the Bayesian learning literature are Gale and Kariv[9], and Mueller-Frank[18].
The non-Bayesian agents are modeled according to the standard DeGroot[6] approach by
using weighted averages. The most prominent recent non-Bayesian learning papers that
apply the same weighted average approach are DeMarzo, Vayanos and Zwiebel [7], Golub
and Jackson [11], and Golub and Jackson[12]. The approach of modeling the updating func-
tion of non-Bayesian agents as weighted averages is also common in other papers focusing

on non-Bayesian learning as for example Acemoglu, Ozdaglar and ParandehGheibi[2], and



Jadbabaie, Molavi, Sandroni and Tahbaz-Salehi[15].

One important distinction to these non-Bayesian learning papers lies (i) in assumptions
on the private information of agents, and (ii) the content or object of communication in
the first round of interaction. In DeMarzo, Vayanos and Zwiebel[7] the private information
agents receive is restricted to independent, normally distributed random variables with mean
. The announcement of an agent in the first period is a linear estimator of the mean g
based on the observation the agent has. This paper utilizes the partitional information
approach as common in the literature on knowledge and consensus.®* While I consider only
finite partitions, no restrictions are imposed on the common prior distribution over the state
space. In regards to the content of communication, I consider the case where agents announce
their posterior probability of an uncertain event as in Geanakoplos and Polemarchakis[10]
and Mueller-Frank[18]. These differences in approach yield different results. For example,
Theorem 2 in DeMarzo, Vayanos and Zwiebel[7] establishes that in their setting a balanced
non-Bayesian communication structure is necessary and sufficient for the limit belief to
perfectly aggregate private information while there are simple examples within the setting
considered here where perfect information aggregation fails for balanced communication

structures.*

Golub and Jackson[11] analyze information aggregation in non-Bayesian communication
structures. They consider a sequence of networks growing to infinite size where agents
initially observe independent and identically distributed signals. Within this setting Golub
and Jackson use a law of large number argument to characterize perfect learning in terms
of a property of the sequence of influence vectors of agents. The present paper shows that
in finite, non-Bayesian communication structures Bayesian equivalence, which is a weaker

requirement than perfect learning, fails for generic updating functions.

The common ground of this paper and the recent paper by Acemoglu, Ozdaglar, and
ParandehGheibi[2] is that both are concerned with information aggregation in social net-
works. The difference lies in the modelling approach and their focus only on non-Bayesian
opinion formation. Acemoglu, Ozdaglar and ParandehGheibi analyze the spread of mis-
information in a purely non-Bayesian network opinion formation model under presence of

forceful agents who influence the opinions of those they interact with while keeping their

3See for example Aumann [4], Geanakoplos and Polemarchakis [10], Krasucki [17], and Parikh and Kra-
sucki [22].

4 An example of a balanced communication structure is a network where all agents have the same number
of neighbors and assign the same weight to each of their neighbors and themselves.



own opinions constant. The degree of misinformation is understood as the gap between the
expected value of the limit opinion of agents and the true state of the world. They focus
on a restricted set of signal generating distributions, show that stochastically asymptotic
consensus occurs and provide results in regards to the degree of misinformation depending

on the quantity and location of the forceful agents.

3 The Model and Relevant Definitions

A finite set of agents V' = {1,...,v} are organized in a connected, undirected network G =
(V, E). A network is a pair of sets (V, E) such that E C V2. The elements of V are nodes
of the network, representing the agents, and the elements of £ are the edges of the network,
representing the direct connections between agents. A network is undirected if ij € E implies
ji € E. A path from 7 to j in the network equals a sequence of nodes ky, ..., k;, where ky =i
and k; = j, such that kyy € N, for f =1,..,] — 1. The distance of agent j from agent ¢ in
network G, denoted by dg(4, j), equals the length of the shortest path from i to j (in G).5

The agents face uncertainty, represented by a probability space (€2, F,p), where Q is a
fundamental state space, F a o-algebra of subsets of {2 and p a common prior such that each
non-empty element of F has positive probability under p. Each agent is endowed with a finite
partition P; of the fundamental state space .5 In each of countably many periods, every
agent ¢ communicates with each of his neighbors by announcing her (subjective) posterior
probability of an uncertain event C' € F. The neighborhood of agent i is denoted by N;,
where N; ={j eV :ij € E}.

In the first period all agents i € V' announce their Bayesian posteriors ¢} (w |p) of event

C conditioning on their private information,

p(C N Pi(w))

q; (w |p) = p(PZ(w))

There are two types of agents that differ conceptually from the second period onward. Non-
Bayesian agents, j € =B, announce a weighted average of their own and their neighbors last

period beliefs and hence behave according to the standard DeGroot model of non-Bayesian

5Note that in the following dg/() denotes the distance metric in graph G, while for a metric space X, dx/()
denotes the corresponding metric.

6The join of a set of partitions is the coarsest common refinement of the partitions. F is generated by
the join of partitions refined by C'. See the supplementary appendix for details.
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learning in networks. For a given network G, each non-Bayesian agent j is described by
the vector of weights 67 €riA(|N,| + 1) he assigns to his neighbors and himself, where

riA(|N;| 4+ 1) denotes the relative interior of the unit simplex in RN+1.7

Bayesian agents, ¢+ € B, announce their Bayesian posteriors conditioning on their private
information which depends on the announcements they observe. The analysis is based on
the assumptions that Bayesian agents commonly know the (i) structure of the network, (ii)
set of partitions {P;}cv, (iii) type of each agent in the network, Bayesian or not-Bayesian,
and (iv) the weight vector 8’ of each non Bayesian agent j. Moreover, it is assumed that the
Bayesian agents truthfully report their posterior in each period even though there might be
an incentive to lie in order to have an information gain in later periods. This assumption is
standard in the literature on knowledge and consensus and has been shown not be restrictive
generically. Mueller-Frank[18] has established that in Bayesian communication structures,
generically in the space of priors, there is no gain from lying as all agents reveal their
private information in each round of communication. Theorem 2 extends the result to mixed
communication structures by establishing that generically Bayesian agents have no incentive

to lie in mixed communication structures.

There is one comment in order in regards to agents simply announcing their posterior
belief. On first glance this appears to be mere communication with no underlying utility
functions or strategic incentives. This is, however, not the case. Announcing a posterior
belief is equivalent to selecting the expected utility maximizing action for the following utility
function u(a,w) = — (1[%01 — a)2.8 This type of utility function is common in the literature
on information aggregation. See for example Banerjee’s[5] paper on herding and Acemoglu,
Bimpikis and Ozdaglar[1] paper on information aggregation in endogenous networks which
uses a variant of this utility function. While agents are assumed to be myopic, focusing on
maximizing their expected utility in the given period, as opposed to taking into account the
possible learning effects of the action, Theorem 2 establishes that generically this myopic

behavior is optimal in a strategic sense.’

The set of feasible weights of a non-Bayesian agent j is denoted by ©; where

©; =460¢c(0,)NH: 3" 6, =1p =1i(A(|N;| +1)).

keN;U{j

7|S| denotes the cardinality of S.
81[w€C] equals the indicator function taking the value 1 if w € C and the value 0 otherwise.
9See section five for details.



The set ©; equals the relative interior of the unit simplex in RINil+1 " an open, convex subset
of an affine hyperplane in RI¥iI*! with dimension |N;|. Let £|y,+1(®;) denote the o-algebra
of all Lebesgue measurable subsets of ®; and let \g, denote the corresponding measure

which is derived from the Lebesgue measure in Rl 10

I denote the product space of the sets of feasible weights of all non-Bayesian agents,
H 0, as ©, the product o-algebra H Lin,1+1(©;) as L(©), and the corresponding prod-

Jje-B je-B

uct measure H Ae, as A\g@. Since the realized weight state 6 is common knowledge among
je-B

all Bayesian agent it is encoded in the fundamental state space. Each fundamental state

includes a complete description of the state of the world. Therefore, it includes the weight

state which is the same across all fundamental states.

In the following the tuple ((2, F,p),C,{P;}icv, G) is denoted as the information setting.
For a given information setting, the communication structure is described by the weight

state 6 € H ©;. If the set of non-Bayesian agents is empty, =B = (), the communication
je-B
structure is denoted as Bayesian. If the set of non-Bayesian agents equals the set of agents,

=B =V, I denote the communication structure as non-Bayesian. If there are Bayesian and

non-Bayesian agents in the network, the communication structure is denoted as mixed.

The main objective of the paper is to evaluate the quality of information aggregation
of non-Bayesian and mixed communication structures. The broad idea of this evaluation is
to compare the limit belief of an agent to the Bayesian posterior conditioning on subsets of
the private information of all agents. A property of the communication structure which I
denote as Bayesian equivalence is the main tool of analysis of non-Bayesian communication

structures.

Definition 1 For a given information setting and communication structure, let q5°(w |(p, 0))
denote the limit opinion of agent i in fundamental state w. Define agent i’s limit partition
of the fundamental state space ) as

Prw|(p,0)) ={u" € Q:q°(wl(p,0)) = o |(p,0))}-

The communication structure 0 is Bayestan equivalent if for every agent i € V and every

10Please see the supplementary appendix for details on the o-algebra and how to construct the measure.
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fundamental state w € €}

. _ PR ](0.0)) N C)
O = P .0)

Assuming individual convergence, the limit opinions of each agent generate a partition
P(.|(p, 0)) of the fundamental state space for a given weight state and prior: states w and
W' are in the same cell of P(. |(p, 0)) if and only if their corresponding limit beliefs are the
same. The communication structure is denoted as Bayesian equivalent if, for every state w,
the limit belief of each agent equals the Bayesian posterior conditioning on the corresponding
cell of the partition P(.|(p, 0)).

A communication structure is Bayesian equivalent if the limit belief of every agent in each
fundamental state of the world is consistent with some subset of the private information of
agents. Consistency here refers to the limit belief equalling the Bayesian posterior condition-
ing on some subset of the private information of all agents. In our partitional information
framework, a subset of the private information of all agents corresponds to a partition that
is generated from (a subset of) the partition of all agents, like for example the join of all
partitions. The definition implies that if a communication structure is not Bayesian equiv-
alent, then there exists no partition of the state space that generates the limit beliefs as
conditional Bayesian posteriors. Therefore, a communication structure that is not Bayesian

equivalent, fails to represent any subset of the private information of agents.

But what exactly does Bayesian equivalence mean in terms of information aggregation?
If a communication structure is Bayesian equivalent, then the degree of fineness of the limit
partition P(. |(p, ) ) is a measure for the amount of private information being incorporated
in the limit belief. The finer the limit partition, the more information is aggregated. In the
best case the limit partition P°(.|(p, #)) equals the join of partitions of all agents in which
case the private information of all agents is perfectly aggregated in each state of the world.
Mueller-Frank|[18] has shown this to occur in Bayesian communication structures for generic

priors.

The concept of Bayesian equivalence makes one crucial assumption which is that the
sequence of individual beliefs converges for each agent i. For non-Bayesian communication
structures it has been established that individual convergence, and even more asymptotic
consensus, occurs for all weight states. Similarly, consensus occurs in Bayesian communi-
cation structures in finite time. Whether convergence of individual beliefs and asymptotic

consensus holds in mixed communication structures is addressed and answered affirmatively
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in section five.

4 Non-Bayesian Communication Structures

Non-Bayesian communication structures have been extensively analyzed in the literature, see
for example DeMarzo, Vayanos and Zwiebel[7], and Golub and Jackson[11, 12]. It has been
established that for weighted average updating functions, where all agents assign positive
weights to themselves, the beliefs of all agents converge to the same limit if the network is
strongly connected.!! However, little attention has been given to the properties of the consen-
sus limit beliefs for fixed networks and/or information structures that go beyond independent
private signals. In this section I analyze how the limit beliefs relate to the underlying private
information of agents. This analysis uses the concept of Bayesian equivalence as its main
tool. Note that in some cases Bayesian equivalence is trivially satisfied. For example, in
an information setting where the first period posteriors of all agents agree in every state of
the world, Bayesian equivalence naturally holds as the limit belief equals the first period

consensus belief. Such an information setting is denoted as trivial.

Definition 2 An information setting is trivial if in every fundamental state w € 2 we have

P(CNPw) _ p(CNPyw))
p(P@) | pPWw)

foralli,jeV.

I can now present a result on the information value of limit beliefs in non-Bayesian

communication structures.

Theorem 1 For a non-trivial information setting consider the set of corresponding non-
Bayesian communication structures described by ©. There exists a full measure set O,

A(O*) = A\(®), such that every communication structure @ € ©* is not Bayesian equivalent.

Theorem 1 establishes that non-Bayesian communication structures yield, from a Bayesian
perspective, incorrect limit beliefs for almost every weight state 8. A positive quality of non-

Bayesian communication structures is that all agents achieve asymptotic consensus in any

1A strongly connected network is a directed network where there exists a path from every agent to every
other agent.
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(strongly) connected network which might be important for coordination purposes. As The-
orem 1 establishes however, the limit belief does not represent any subset of the private
information of agents. Note that while the generic result of the theorem assumes a uniform
measure on the weight space, it equally holds for all measures that are absolutely continuous

with respect to the uniform measure.'?

Whether the statement of the theorem holds for all as opposed to almost all weight
states is unclear for the general information structures considered here. However, for typical
information settings as for example the one analyzed in the informational cascade literature,
where agents face a binary state space, 2 = {C, —~C}, and receive conditionally independent
signals with finite support, Bayesian equivalence fails for all weight states. To see this,
consider the individual signals s; that leads to agent i’s lowest posterior probability of state
C'. Now consider the vector of such signals s~ (across agents). Compare this vector of signals
with any other vector of signal realization s in regards to the vector of individual posterior
probabilities they generate. For any weighted average that assigns positive weight to each
agents posterior probability, the weighted average of the individual posterior probabilities
corresponding to s~ is strictly smaller than that of any s # s™. Bayesian equivalence then
requires the weighted average (corresponding to the stationary distribution) of the posteriors
corresponding to s~ to equal the posterior probability of event C' conditioning on s~. But
this is not the case as the posterior probability of event C' given s~ is strictly smaller than

the minimum posterior probability conditioning on any individual signal s, .

Theorem 1 provides a result concerning information aggregation taking Bayesian equiv-
alence as the tool to evaluate the limit opinions. But Bayesian equivalence is just one way
to evaluate information aggregation in networks. It is a natural approach, in my opinion, as
it asks whether the limit belief of an agent can be rationalized in a Bayesian manner. An
alternative way of evaluating information aggregation is to check if an agents limit belief is
closer to the true belief than his initial belief was. For a given fundamental state let the true
posterior denote the posterior probability of event C' conditioning on the cell of the join con-
taining the fundamental state. If in a given fundamental state an agents limit belief is closer
to the true belief than his initial belief then one could say that the agent improves by partic-
ipating in communication. While there are simple examples showing that some agents might
improve in the sense just described in all fundamental states, on the cost of others, it can be

shown that, generically in the weight space, a non-Bayesian communication structure cannot

12The same applies to all theorems in the paper.
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lead to a Pareto improvement of all agents.'®> Whenever some agents improve in a given state,
others are worse off. The benchmarks of Bayesian equivalence and posterior improvement
have in common that under neither participating in a non-Bayesian communication struc-
ture is beneficial for all agents. The main point here is that non-Bayesian communication
structures are (generically) strictly inferior to Bayesian communication structures from an

information aggregation perspective under either evaluation concept.

4.1 Proof of Theorem 1

To preface the proof note that the weight state 8 can be represented by a Markov transition
matrix Ty with v rows and columns. Since the network is connected and all agents assign
positive weight to themselves, the transition matrix is irreducible and aperiodic and hence
converges to its unique stationary distribution p(@). Therefore, for every state of the world,
the limit beliefs of all agents coincide which implies that the limit partitions P°(. |(p, 8))
coincide for all agents. The proof of the theorem relies on the following three lemmas and
the Freidlin and Wentzell Theorem, which states that the weight of agent 7 in the stationary
distribution is proportional to the sum of likelihood of its i-trees.!* Please note that in the
following the unit simplex in R* is denoted as A (k) and ri(A(k)) denotes the relative interior

of the unit simplex. The following lemmas are used in the proof of Theorem 1.

Lemma 1 Let f be a continuous function, f : @ —ri(A(l)) for 1 > 2. Consider a hyper-
plane H in R' such that
HnNri(A(l)) # 0.

If \e (f 7' (HNri(A(l)))) > 0, then there exists an open ball B.(0) in © such that
f(@)yeHNri(A(l))
for all 0’ € B.(6).

Lemma 2 Consider the stationary distribution p : ® —ri(A(v)). Let ®(q,q’) be defined

as follows

eV S

®(q,q) = {¢ €ri(AW): > i xai=) ¢ x qé} '

13The formal proof of the claim is available on request.
!4Please see the supplementary appendix for a formal statement of the Freidlin and Wentzell Theorem.
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Then
31B,(0) C © s.t. u(0') € ®(q,q’) for all @ € B.(0) < q=('.

Lemma 3 There exists a full measure set Og,, such that we have P(.|(p,0)) = P (.|p)
forall@ € Og, andicV,

Plwlp) ={w' €Q:q" (W' p) =qd'(w|p)}.

Please see below for the proof of Theorem 1.

Proof. Let ©¢,, denote the set of weight states where P°(.|(p,0)) = P (. |p) holds for all
i, and denote its complement as @p,. By Lemma 3 we have \g(®g,) = Ao (®). I prove
the statement of the theorem via contradiction. Suppose there exists a subset © of O such
that all its elements are Bayesian equivalent and )\@(é)) > 0 which immediately implies that
A(©Og¢,) > 0 where ©¢, = ©NO¢,. Let ¢*(w|p) denote the Bayesian equivalent limit belief

for weight states 8 € ©¢ ),
p(Pwlp)nC)
p(PY(wp))

For a Bayesian equivalent weight state 8 € (:DGJ, the following holds by definition

¢ (wlp) =

> w(0)al (wlp) = ¢*(@lp).

eV

As the information setting is not trivial there exists a fundamental state w’ € Q such that
ql (W' |p) # q* (W' |p), where g*(w' |p) equals a vector with each component equaling ¢*(w’ |p).
The set of limit weights in ri(A(v)) that lead to an average of q'(w' |p) equaling ¢*(w' [p) is
given by
®(q',q") = {cberl NEDIRACHEA) qf(w’|p))=0}-
=%

Note that ®(q', q*) equals the non-empty intersection of a hyperplane in R? with ri(A(v)).
As all elements of O, are Bayesian equivalent we have ¢, C 1~ (®(q',q*)). As shown
above, the assumption \e(©) > 0 implies A\e(O¢,) > 0 which then implies that

Xe(p ™ (®(a',q))) > 0.

By Lemma 1, Ag(p~! (®(q',q*))) > 0 implies the existence of an open ball B,(0) in the
weight space © such that u(0') € ®(q',q*) for all 8’ € B,(0) which together with Lemma
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2 implies that q'= q* which contradicts the assumption that the information setting is non-
trivialll

5 Perfect Information Aggregation in Mixed Commu-

nication Structures

The previous section established that non-Bayesian communication structures lead to incor-
rect consensus beliefs generically. From the existing literature, see Mueller-Frank[18], we
know that, for generic priors, Bayesian communication structures lead to consensus beliefs
that perfectly aggregate the private information of all agents. From an informational effi-
ciency point of view transforming each non-Bayesian agent into a Bayesian agent therefore
leads to an improvement. But this might not be possible for all agents and moreover, this

transformation could be very costly.

In this section I consider the questions whether mixed communication networks, that
consists of only some but not all Bayesian agents, (i) lead to consensus, and (ii) under which
conditions mixed communication structures satisfy perfect information aggregation. For this
part of the paper redefine information setting as the tuple ((2, F), C, {P;}icv, G). This dif-
fers from the previous definition through the exclusion of the common prior p. Consider the
space A of common priors on (2, F). The space of common priors A equals the relative in-
terior of the unit simplex in R*.1% Let £(A) denote the o-algebra of all Lebesgue measurable
subsets of A and \a denote the corresponding measure which is derived from the Lebesgue
measure in R¥~1.16 Let IT denote the product space A x © with the corresponding product

o-algebra and product measure A\ = Aa X A@.

An information setting achieves perfect information aggregation for prior p and weight

state @ if the consensus belief in every fundamental state of the world equals the posterior

5For details on the space of common priors please see the supplementary appendix.
16Please see the supplementary appendix for details on how to construct the measure.
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probability conditioning on the pooled private information of all agents,

for all w € 2 and where \/Pi denotes the join of partitions of all agents.
eV
In order to gain some intuition for the analysis and the result to come consider an
undirected star network consisting of four agents V' = {1,2,3,4}. Let 1 be the agent of the
center who is linked to every other agent. Agents 2, 3 and 4 are linked only to agent 1.
Suppose that agent 2 is Bayesian and the remaining agents are non-Bayesian assigning equal

weights to each of their neighbors and themselves, i.e.

1111
o' = (- - - =
(4’4’4’4)
1 1
0> ={=.0 -
(2707270>
1 1
0= (= — .
(2707072)

The state space is represented by the rectangle in figure 1 below.

J1 Jz
J3 Ja
s Js

Figure 1: State space of example

Suppose that the prior is given by the uniform distribution. The event C' is represented

by the shaded subset of the state space. Agent 1 and agent 2 do not receive any private
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information, P;(w) = Pa(w) = Q for all w € Q. The partition cells of agent 3 are given by

the columns of the matrix,
Ps={1UJ3UJs; JoUJyU Jg}
while agent 4 learns the cells of the matrix
Py = {1, Jo, J3, s, J5, Js}.

Note that the join of the partitions equals the partition of agent 4. Consider the first period

announcement vectors as a function of the realized state

(((5:3:5:3) fweh
(33:53) fweh

1 11 :
= Y e
(3:3:33) fwe s
( (3:353) fweds

Since the join of the partitions equals the partition of agent 4, perfect learning occurs if
the beliefs of all agents converge to the first period announcement of agent 4. Note that
this occurs only if the Bayesian agent 2 can infer the first period announcement of agent 4

through the second period announcement of the center agent. We have

( 1—52ifw€J1
1—72ifw€Jz
sifwe Js
2ifwe Jy
%iwaJg,

L %iwaJG

Suppose that a state w in J5 U Jg is realized which leads to ¢? (w) = % If agent 2 observes
agent 1 announcing % in period two, she concludes that the realized state of the world
lies in either cell J5 or Jg as all other states would have lead to a different second round
announcement of agent 1. Agent 2’s third period announcement is hence equal to ¢3(w) = %
Due to the symmetric way agent 1 treats agent 3 and 4, observing the announcement of
agent 1 in periods ¢ > 3 allows for no further rational inferences. Learning ends for agent

2 at the beginning of period three. Her announcement remains % for all periods t > 3.
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Straight forward arguments from the theory of absorbing Markov chains then establish that

the opinions of the remaining agents converge to % Perfect learning fails for any state

w € J5 U Jg as the limit consensus belief % is unequal to the Bayesian posterior conditioning
on the realized cell of the join J5 or Jg which is equal to % respectively % Note that for
any pair of distinct first period announcement vectors q'(w), q'(w’) every feasible weight
vector o' assigning different weights to agents 3 and 4 leads to different second period
announcements of agent 1 implying that agent 2 can infer the first period announcement
vector from the second period announcement of agent 1 and therefore the realized cell of the

join of partitions.

The following theorem establishes that in any mixed communication network perfect

information aggregation occurs generically in the product space of priors and weights.

Theorem 2 For a given information setting consider the common prior p over the fun-

damental state space ) and the mired communication structure @ € H ®; with =B €
je€-B

2V < {V,0}. There exists a full measure set II* C A x © such that perfect information

aggregation occurs for every (p,0) € II".

Theorem 2 establishes that asymptotic consensus holds in mixed communication struc-
tures for generic weight states and priors. The Bayesian agents achieve consensus in finite
time and they determine the long run opinions of all agents. Asymptotic consensus occurs
despite the inability of the non-Bayesian agents to process complex information. In a con-
nected society of Bayesian and non-Bayesian individuals all individuals are informationally
equivalent in the long run. The Bayesian agents are able to infer the private information
of all agents from the announcements of their neighbors over time, despite the noise that is
introduced through the presence of non-Bayesian agents. But not only do Bayesian agents

perfectly learn but all agents hold the same, perfect posterior belief in the long run.

The proof of the theorem follows from an auxiliary result which states that each Bayesian
agent learns the relevant private information concerning the event C' of every agent within
distance of ¢t through the announcements of his neighbors in period ¢t. Therefore, perfect
learning occurs along the shortest path. This explains why agents have no incentive to
deviate from their truth-telling behavior for generic priors and weight states. Consider the
interpretation where each agents utility function is given by u;(a;,w) = — (l[wec} — a,-)Q and

suppose that they select actions to maximize their expected discounted future utility stream.
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Since learning occurs along the shortest path, behaving myopically is the only best response
to all other Bayesian agents acting myopically as it maximizes the expected utility in each

round and learning cannot be improved upon by strategic deviations from the myopic action.

It is worthwhile to highlight a feature of the result of Theorem 2; perfect information
aggregation occurs generically in any connected network with some Bayesian agents, in-
dependent of their proportion and location in the network. Intuition might tempt one to
believe that for perfect learning to occur the Bayesian agents require a prominent position
in the network and by acting as hubs enable the result. However, the Bayesian agents can
be located in a corner of the network, there might even be only one, nevertheless this one
Bayesian has a striking impact on the long run opinion, and its quality, of all agents in
the network. Theorem 3 presents the properties of information aggregation in Bayesian and

mixed communication structures.

Theorem 3 Consider the information setting ((2, F),C,{P;}icv,G), the corresponding

Bayesian communication structure and a mired communication structure 6 € H ©; with
j€-B

—B €2V~ {V.0}. There exists a full measure set II* C A x © such that the Bayesian and

mized communication structure yield identical limit beliefs for every (p,0) € IT", perfectly

