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Abstract

This paper develops a model of network-based interaction of agents with di¤er-

ing degrees of sophistication that hold private information regarding the realized state

of the world, and investigates its implications for information aggregation. I con-

sider mixed communication structures, networks that contain Bayesian agents and

non-Bayesian agents, who behave according to the standard DeGroot[6] model. I show

that if the updating function of each non-Bayesian agent is common knowledge (among

the Bayesians), then all agents generically achieve perfect information aggregation in

the limit. Thus, mixed communication structures are informationally equivalent to

Bayesian communication structures. Finally, I show that the perfect information ag-

gregation result does not rely on common knowledge of the updating functions of the

non-Bayesian agents. If for each non-Bayesian agent there is a �nite set of updating

functions commonly known to contain the true updating function, then perfect learning

occurs for generic sets and generic priors on the fundamental state space.
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1 Introduction

An important role of social networks is to function as a conduit of information and opinions.

Individuals interact with their social peers and are susceptible to changes in opinion as a

response to the opinions of those they interact with. A relevant question in this context

is if the interaction in social networks results in agents correctly aggregating the private

information of others, or whether the social interaction might lead to misinformation in the

sense of incorrect aggregation of private information. Individuals do di¤er in their ability to

process information and undertake complex inferences. Rational updating in social networks

requires highly complex inferences as agents have to account for the fact that their neighbors

opinions are a¤ected by the neighbors of their neighbors, which might be unobserved, and so

on.1 This paper provides a �rst step towards answering the question of how the interaction

of agents with di¤ering degrees of sophistication a¤ects the quality of the information the

respective agents hold in the long run. Two di¤erent types of agents are considered; Bayesian

agents and non-Bayesian agents that behave according to the standard DeGroot[6] model.

Two important questions in this context concern the characterization of conditions such

that (i) asymptotic consensus occurs among all agents, and (ii) the di¤erent types of agents

correctly aggregate information. In other words, under which conditions (i) do Bayesian and

non-Bayesian individuals hold the same beliefs in the long run, and (ii) are the Bayesian

agents able to perfectly aggregate the private information of all agents despite the noise

introduced by the non-Bayesian agents.

The question of evolution of behavior and opinions in social networks under repeated

interaction has been extensively analyzed in the literature. This question is generally ad-

dressed in the following setting: a �nite set of agents are organized in a network and face

uncertainty regarding the realized state of the world. Each agent initially receives some

private information and then repeatedly announces his opinion while he observes the re-

peated announcements of his neighbors. This process of communication is denoted as the

communication structure. The existing literature can be divided into Bayesian and non-

Bayesian approaches depending on the assumptions on the updating mechanism of agents.

The standard framework in the non-Bayesian learning literature is based on the DeGroot[6]

model; agents are assumed to incorporate their private information in a Bayesian manner

only in the �rst round of interaction, prior to observing opinions of others, and from the

second period onward the opinion an agent announces is a weighted average of the last pe-

1For background on the complexities of Bayesian updating in social networks see Gale and Kariv [9], and
Mueller-Frank [18].
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riod opinions of his neighbors (and herself). Bayesian updating models assume that agents

make indirect inferences regarding the initial private information of all agents based on the

history of opinions of their neighbors. The typical result in both streams of the literature

is that when agents communicate their (subjective) posterior belief of an uncertain event,

then strongly connected networks are generally su¢ cient to achieve (asymptotic) consensus

among all agents.

This paper focuses on the information aggregation properties of communication struc-

tures with di¤erent updating mechanisms. The private information of agents is represented

by partitions of a state space. In order to asses the information aggregation properties

I introduce the concept of Bayesian equivalence: a communication structure is Bayesian

equivalent if for each agent there exists a partition of the state space such that in every

state of the world, the limit belief of the agent equals the Bayesian posterior conditioning on

the corresponding cell of the partition. In a Bayesian equivalent communication structure

the limit belief of each agent correctly represents a subset of the private information of all

agents. Bayesian equivalence is a weaker requirement than perfect information aggregation,

where the limit belief of each agent incorporates the private information of every agent.

While perfect information aggregation can fail in Bayesian communication structures, it has

been shown that Bayesian communication structures satisfy perfect information aggregation,

generically in the space of priors, if the underlying undirected network is connected.2

1.1 Summary of the Results

The �rst question addressed in this paper concerns the information aggregation properties of

the standard non-Bayesian communication structure based on the DeGroot model[6], where

agents revise their opinion in each period by taking a weighted average of their own and

neighbors last period opinions. Do non-Bayesian communication structures satisfy Bayesian

equivalence? The �rst theorem of the paper establishes that, generically in the space of

weights agents assign to their neighbors, non-Bayesian communication structures are not

Bayesian equivalent. The inability of the non-Bayesian agents to process complex information

leads to failure of information aggregation and hence incorrect limit beliefs. The resulting

limit consensus beliefs do not correctly represent any subset of the private information of

agents. While the resulting asymptotic consensus opinion in non-Bayesian communication

structures might be desirable from a coordination perspective, its information aggregation

2See Mueller-Frank[18].
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properties are unsatisfactory.

In order to address the questions of opinion formation in social networks composed of

agents with di¤ering degrees of sophistication and the resulting information aggregation

properties I consider only two types of agents: fully rational, or Bayesian, agents on the one

hand and non-Bayesian agents on the other hand, who are modeled according to the standard

model of non-Bayesian learning in networks: they use a weighted average updating function

when forming their opinions. I assume common knowledge (among the Bayesian agents) of

the (i) network, (ii) partitions of all agents, (iii) type of each agent, Bayesian or non-Bayesian,

and (iv) the updating function each non-Bayesian agent uses. Since Bayesian communica-

tion structures correctly aggregate private information while non-Bayesian communication

structures fail to do so, a natural question to ask is what occurs in mixed communication

structures composed of Bayesian and non-Bayesian agents. In the context of the literature

on opinion formation in social networks the following are logical questions for the setting of

mixed communication structures. Does the typical asymptotic consensus result in strongly

connected networks carry forward to mixed communication structures? Does the introduc-

tion of some Bayesian agents into networks composed of only non-Bayesian agents allow all

agents to accurately aggregate private information?

Theorem 2 states that generically in the product space of common priors and weight

states, any mixed communication structure perfectly aggregates the private information of

all agents. Independent of the number and identities of Bayesian agents in a network,

the ensuing consensus opinion correctly represents the aggregated private information of all

agents.

Theorem 3 establishes that mixed communication and Bayesian communication struc-

tures are informationally equivalent. For generic priors and generic non-Bayesian updating

functions the consensus belief is identical in both structures in every fundamental state of

the world and, moreover, perfectly aggregates the private information of all agents. The

only di¤erence between Bayesian and mixed communication structures lies in the fact that

in Bayesian structures all agents reach the consensus belief in �nite time while in mixed

structures only the Bayesian agents reach the consensus opinion in �nite time, while the

non-Bayesian might reach it only asymptotically.

Finally, I address the question whether the results carry forward to a setting where

the updating functions of the non-Bayesian agents are not common knowledge. Suppose

that the set of feasible updating functions of each non-Bayesian agent is �nite. While the

Bayesian agents do not know which exact updating function a non-Bayesian agent uses, only
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�nitely many are commonly considered possible. This extension is formally captured by an

extended state space equalling the product of the fundamental state space and the �nite space

of possible updating functions. Theorem 4 establishes that for generic priors and generic

sets of possible updating functions, under two conditions on the information structure, any

mixed communication network achieves perfect information aggregation. Moreover, this

result holds for any set of priors the Bayesian agents hold on the set of possible updating

functions. Neither common priors nor commonly known heterogenous priors are necessary.

1.2 Discussion of the Results

The main result of the paper is somewhat surprising on �rst glance. We �nd that in any

connected network containing Bayesian and non-Bayesian agents every agent perfectly learns

the private information of all agents, independent of the number and location of the Bayesian

agents in the network. Intuitively one might be tempted to believe that in order for the

Bayesian agents to (i) overcome the noise introduced by the non-Bayesian agents, and (ii)

essentially determine the long run behavior of the non-Bayesian agents, they would have to

be placed in in�uential and central positions in the network and thereby serve as information

hubs. Our results show that this is not the case. As long as there exists a single Bayesian

agent somewhere in the network, asymptotic consensus and perfect information aggregation

occurs.

Approaching the setting from a di¤erent angle, consider a non-Bayesian communication

structure and suppose that a social planner can transform some, or all, non-Bayesian agents

into Bayesian agents. From an information aggregation point of view, a transition from a

non-Bayesian to a mixed or Bayesian communication structure leads to a societal gain. But

converting agents might be costly and the costs might di¤er according to their position in

the network. Theorem 2 states that no matter how many or which agents are converted to

Bayesian, these determine long run opinions and assure that the limit opinions of all agents

correctly incorporate the initial private information of all agents. Therefore Bayesian and

non-Bayesian agents located in a connected network are informationally equivalent in the

long run. Taking a big picture view, the results highlight a positive consequence of social

interaction; the long run dominance of optimal opinions, or choices, and the tendency of

non-Bayesian agents to obliviously converge to this informationally optimal opinion.

While the interaction is modeled as mere communication of posterior beliefs under ab-

sence of utility functions, there exists an equivalent setting with scoring rule type utility
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functions in which exactly the same result hold. Moreover, for generic priors and weight

states, the Bayesian agents are not required to act myopically by focusing only on the

expected utility in the given round. Perfect information aggregation occurs allowing for

strategic behavior of the Bayesian agents.

The rest of the paper is organized as follows. In the next section, I brie�y discuss the

relation of the paper to the existing literature on learning in networks. In section three, I

introduce the model and the concept of Bayesian equivalence. In section four, I consider non-

Bayesian communication structures, establish Theorem 1, and brie�y discuss an alternative

concept to assess information aggregation in non-Bayesian communication structures. From

section �ve onward, mixed communication structures are analyzed. In section �ve, generic

perfect information aggregation in mixed communication networks, and generic equivalence

between Bayesian and mixed communication structures are established. Section six considers

information aggregation under lack of common knowledge of the updating functions of the

non-Bayesian agents and presents Theorem 4, generic perfect information aggregation in

mixed communication networks in a setting of �nite sets of commonly considered possible

updating functions for each non-Bayesian agent. Section seven concludes. The proofs of

the theorems are either presented in the main text or in the appendix A, in which case

the structure of the proof is explained in the main text. Appendix A further provides the

proofs of all lemmas. Appendix B provides (i) further technical background, (ii) an example

of non-Bayesian communication structures to highlight failure of Bayesian equivalence, and

(iii) a setting where the asymptotic informational equivalence of Bayesian and Non-Bayesian

agents translates into equivalence in expected utility terms within �nitely many rounds.

2 Related Literature

This paper contributes to the literature on opinion formation in social networks. The most re-

lated papers in the Bayesian learning literature are Gale and Kariv[9], and Mueller-Frank[18].

The non-Bayesian agents are modeled according to the standard DeGroot[6] approach by

using weighted averages. The most prominent recent non-Bayesian learning papers that

apply the same weighted average approach are DeMarzo, Vayanos and Zwiebel [7], Golub

and Jackson [11], and Golub and Jackson[12]. The approach of modeling the updating func-

tion of non-Bayesian agents as weighted averages is also common in other papers focusing

on non-Bayesian learning as for example Acemoglu, Ozdaglar and ParandehGheibi[2], and
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Jadbabaie, Molavi, Sandroni and Tahbaz-Salehi[15].

One important distinction to these non-Bayesian learning papers lies (i) in assumptions

on the private information of agents, and (ii) the content or object of communication in

the �rst round of interaction. In DeMarzo, Vayanos and Zwiebel[7] the private information

agents receive is restricted to independent, normally distributed random variables with mean

�. The announcement of an agent in the �rst period is a linear estimator of the mean �

based on the observation the agent has. This paper utilizes the partitional information

approach as common in the literature on knowledge and consensus.3 While I consider only

�nite partitions, no restrictions are imposed on the common prior distribution over the state

space. In regards to the content of communication, I consider the case where agents announce

their posterior probability of an uncertain event as in Geanakoplos and Polemarchakis[10]

and Mueller-Frank[18]. These di¤erences in approach yield di¤erent results. For example,

Theorem 2 in DeMarzo, Vayanos and Zwiebel[7] establishes that in their setting a balanced

non-Bayesian communication structure is necessary and su¢ cient for the limit belief to

perfectly aggregate private information while there are simple examples within the setting

considered here where perfect information aggregation fails for balanced communication

structures.4

Golub and Jackson[11] analyze information aggregation in non-Bayesian communication

structures. They consider a sequence of networks growing to in�nite size where agents

initially observe independent and identically distributed signals. Within this setting Golub

and Jackson use a law of large number argument to characterize perfect learning in terms

of a property of the sequence of in�uence vectors of agents. The present paper shows that

in �nite, non-Bayesian communication structures Bayesian equivalence, which is a weaker

requirement than perfect learning, fails for generic updating functions.

The common ground of this paper and the recent paper by Acemoglu, Ozdaglar, and

ParandehGheibi[2] is that both are concerned with information aggregation in social net-

works. The di¤erence lies in the modelling approach and their focus only on non-Bayesian

opinion formation. Acemoglu, Ozdaglar and ParandehGheibi analyze the spread of mis-

information in a purely non-Bayesian network opinion formation model under presence of

forceful agents who in�uence the opinions of those they interact with while keeping their

3See for example Aumann [4], Geanakoplos and Polemarchakis [10], Krasucki [17], and Parikh and Kra-
sucki [22].

4An example of a balanced communication structure is a network where all agents have the same number
of neighbors and assign the same weight to each of their neighbors and themselves.
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own opinions constant. The degree of misinformation is understood as the gap between the

expected value of the limit opinion of agents and the true state of the world. They focus

on a restricted set of signal generating distributions, show that stochastically asymptotic

consensus occurs and provide results in regards to the degree of misinformation depending

on the quantity and location of the forceful agents.

3 The Model and Relevant De�nitions

A �nite set of agents V = f1; :::; vg are organized in a connected, undirected network G =
(V;E). A network is a pair of sets (V;E) such that E � V 2. The elements of V are nodes

of the network, representing the agents, and the elements of E are the edges of the network,

representing the direct connections between agents. A network is undirected if ij 2 E implies
ji 2 E. A path from i to j in the network equals a sequence of nodes k1; :::; kl, where k1 = i
and kl = j, such that kf+1 2 Nkf for f = 1; ::; l � 1. The distance of agent j from agent i in

network G, denoted by dG(i; j), equals the length of the shortest path from i to j (in G).5

The agents face uncertainty, represented by a probability space (
;F ; p), where 
 is a
fundamental state space, F a �-algebra of subsets of 
 and p a common prior such that each
non-empty element of F has positive probability under p. Each agent is endowed with a �nite
partition Pi of the fundamental state space 
.6 In each of countably many periods, every
agent i communicates with each of his neighbors by announcing her (subjective) posterior

probability of an uncertain event C 2 F . The neighborhood of agent i is denoted by Ni,
where Ni = fj 2 V : ij 2 Eg.

In the �rst period all agents i 2 V announce their Bayesian posteriors q1i (! jp) of event
C conditioning on their private information,

q1i (! jp) =
p(C \ Pi(!))
p(Pi(!))

.

There are two types of agents that di¤er conceptually from the second period onward. Non-

Bayesian agents, j 2 :B, announce a weighted average of their own and their neighbors last
period beliefs and hence behave according to the standard DeGroot model of non-Bayesian

5Note that in the following dG() denotes the distance metric in graph G, while for a metric space X, dX()
denotes the corresponding metric.

6The join of a set of partitions is the coarsest common re�nement of the partitions. F is generated by
the join of partitions re�ned by C. See the supplementary appendix for details.
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learning in networks. For a given network G, each non-Bayesian agent j is described by

the vector of weights �j 2ri�( jNjj + 1) he assigns to his neighbors and himself, where
ri�( jNjj+ 1) denotes the relative interior of the unit simplex in RjNj j+1.7

Bayesian agents, i 2 B, announce their Bayesian posteriors conditioning on their private
information which depends on the announcements they observe. The analysis is based on

the assumptions that Bayesian agents commonly know the (i) structure of the network, (ii)

set of partitions fPigi2V , (iii) type of each agent in the network, Bayesian or not-Bayesian,
and (iv) the weight vector �j of each non Bayesian agent j. Moreover, it is assumed that the

Bayesian agents truthfully report their posterior in each period even though there might be

an incentive to lie in order to have an information gain in later periods. This assumption is

standard in the literature on knowledge and consensus and has been shown not be restrictive

generically. Mueller-Frank[18] has established that in Bayesian communication structures,

generically in the space of priors, there is no gain from lying as all agents reveal their

private information in each round of communication. Theorem 2 extends the result to mixed

communication structures by establishing that generically Bayesian agents have no incentive

to lie in mixed communication structures.

There is one comment in order in regards to agents simply announcing their posterior

belief. On �rst glance this appears to be mere communication with no underlying utility

functions or strategic incentives. This is, however, not the case. Announcing a posterior

belief is equivalent to selecting the expected utility maximizing action for the following utility

function u(a; !) = �
�
1[!2C] � a

�2
.8 This type of utility function is common in the literature

on information aggregation. See for example Banerjee�s[5] paper on herding and Acemoglu,

Bimpikis and Ozdaglar[1] paper on information aggregation in endogenous networks which

uses a variant of this utility function. While agents are assumed to be myopic, focusing on

maximizing their expected utility in the given period, as opposed to taking into account the

possible learning e¤ects of the action, Theorem 2 establishes that generically this myopic

behavior is optimal in a strategic sense.9

The set of feasible weights of a non-Bayesian agent j is denoted by �j where

�j =

8<:� 2 (0; 1)jNj j+1 : X
k2Nj[fj

�k = 1

9=; = ri (�( jNjj+ 1)) :

7 jSj denotes the cardinality of S.
81[!2C] equals the indicator function taking the value 1 if ! 2 C and the value 0 otherwise.
9See section �ve for details.
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The set �j equals the relative interior of the unit simplex in RjNj j+1, an open, convex subset
of an a¢ ne hyperplane in RjNj j+1 with dimension jNjj. Let LjNj j+1(�j) denote the �-algebra

of all Lebesgue measurable subsets of �j and let ��j
denote the corresponding measure

which is derived from the Lebesgue measure in RjNj j.10

I denote the product space of the sets of feasible weights of all non-Bayesian agents,Y
j2:B

�j, as �, the product �-algebra
Y
j2:B

LjNj j+1(�j) as L(�), and the corresponding prod-

uct measure
Y
j2:B

��j
as ��. Since the realized weight state � is common knowledge among

all Bayesian agent it is encoded in the fundamental state space. Each fundamental state

includes a complete description of the state of the world. Therefore, it includes the weight

state which is the same across all fundamental states.

In the following the tuple ((
;F ; p) ; C; fPigi2V ; G) is denoted as the information setting.
For a given information setting, the communication structure is described by the weight

state � 2
Y
j2:B

�j. If the set of non-Bayesian agents is empty, :B = ;, the communication

structure is denoted as Bayesian. If the set of non-Bayesian agents equals the set of agents,

:B = V , I denote the communication structure as non-Bayesian. If there are Bayesian and
non-Bayesian agents in the network, the communication structure is denoted as mixed.

The main objective of the paper is to evaluate the quality of information aggregation

of non-Bayesian and mixed communication structures. The broad idea of this evaluation is

to compare the limit belief of an agent to the Bayesian posterior conditioning on subsets of

the private information of all agents. A property of the communication structure which I

denote as Bayesian equivalence is the main tool of analysis of non-Bayesian communication

structures.

De�nition 1 For a given information setting and communication structure, let q1i (! j(p;�))
denote the limit opinion of agent i in fundamental state !. De�ne agent i�s limit partition

of the fundamental state space 
 as

P1i (! j(p;�)) = f!0 2 
 : q1i (! j(p;�)) = q1i (!0 j(p;�))g :

The communication structure � is Bayesian equivalent if for every agent i 2 V and every

10Please see the supplementary appendix for details on the �-algebra and how to construct the measure.
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fundamental state ! 2 


q1i (! j(p;�)) =
p(P1i (! j(p;�)) \ C)
p(P1i (! j(p;�)))

:

Assuming individual convergence, the limit opinions of each agent generate a partition

P1i (: j(p;�)) of the fundamental state space for a given weight state and prior: states ! and
!0 are in the same cell of P1i (: j(p;�)) if and only if their corresponding limit beliefs are the
same. The communication structure is denoted as Bayesian equivalent if, for every state !,

the limit belief of each agent equals the Bayesian posterior conditioning on the corresponding

cell of the partition P1i (: j(p;�)).

A communication structure is Bayesian equivalent if the limit belief of every agent in each

fundamental state of the world is consistent with some subset of the private information of

agents. Consistency here refers to the limit belief equalling the Bayesian posterior condition-

ing on some subset of the private information of all agents. In our partitional information

framework, a subset of the private information of all agents corresponds to a partition that

is generated from (a subset of) the partition of all agents, like for example the join of all

partitions. The de�nition implies that if a communication structure is not Bayesian equiv-

alent, then there exists no partition of the state space that generates the limit beliefs as

conditional Bayesian posteriors. Therefore, a communication structure that is not Bayesian

equivalent, fails to represent any subset of the private information of agents.

But what exactly does Bayesian equivalence mean in terms of information aggregation?

If a communication structure is Bayesian equivalent, then the degree of �neness of the limit

partition P1i (: j(p;�)) is a measure for the amount of private information being incorporated
in the limit belief. The �ner the limit partition, the more information is aggregated. In the

best case the limit partition P1i (: j(p;�)) equals the join of partitions of all agents in which
case the private information of all agents is perfectly aggregated in each state of the world.

Mueller-Frank[18] has shown this to occur in Bayesian communication structures for generic

priors.

The concept of Bayesian equivalence makes one crucial assumption which is that the

sequence of individual beliefs converges for each agent i. For non-Bayesian communication

structures it has been established that individual convergence, and even more asymptotic

consensus, occurs for all weight states. Similarly, consensus occurs in Bayesian communi-

cation structures in �nite time. Whether convergence of individual beliefs and asymptotic

consensus holds in mixed communication structures is addressed and answered a¢ rmatively

11



in section �ve.

4 Non-Bayesian Communication Structures

Non-Bayesian communication structures have been extensively analyzed in the literature, see

for example DeMarzo, Vayanos and Zwiebel[7], and Golub and Jackson[11, 12]. It has been

established that for weighted average updating functions, where all agents assign positive

weights to themselves, the beliefs of all agents converge to the same limit if the network is

strongly connected.11 However, little attention has been given to the properties of the consen-

sus limit beliefs for �xed networks and/or information structures that go beyond independent

private signals. In this section I analyze how the limit beliefs relate to the underlying private

information of agents. This analysis uses the concept of Bayesian equivalence as its main

tool. Note that in some cases Bayesian equivalence is trivially satis�ed. For example, in

an information setting where the �rst period posteriors of all agents agree in every state of

the world, Bayesian equivalence naturally holds as the limit belief equals the �rst period

consensus belief. Such an information setting is denoted as trivial.

De�nition 2 An information setting is trivial if in every fundamental state ! 2 
 we have

p(C \ Pi(!))
p(Pi(!))

=
p(C \ Pj(!))
p(Pj(!))

for all i; j 2 V .

I can now present a result on the information value of limit beliefs in non-Bayesian

communication structures.

Theorem 1 For a non-trivial information setting consider the set of corresponding non-
Bayesian communication structures described by �. There exists a full measure set ��,

�(��) = �(�), such that every communication structure � 2 �� is not Bayesian equivalent.

Theorem 1 establishes that non-Bayesian communication structures yield, from a Bayesian

perspective, incorrect limit beliefs for almost every weight state �. A positive quality of non-

Bayesian communication structures is that all agents achieve asymptotic consensus in any

11A strongly connected network is a directed network where there exists a path from every agent to every
other agent.
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(strongly) connected network which might be important for coordination purposes. As The-

orem 1 establishes however, the limit belief does not represent any subset of the private

information of agents. Note that while the generic result of the theorem assumes a uniform

measure on the weight space, it equally holds for all measures that are absolutely continuous

with respect to the uniform measure.12

Whether the statement of the theorem holds for all as opposed to almost all weight

states is unclear for the general information structures considered here. However, for typical

information settings as for example the one analyzed in the informational cascade literature,

where agents face a binary state space, 
 = fC;:Cg, and receive conditionally independent
signals with �nite support, Bayesian equivalence fails for all weight states. To see this,

consider the individual signals s�i that leads to agent i�s lowest posterior probability of state

C. Now consider the vector of such signals s�(across agents). Compare this vector of signals

with any other vector of signal realization s in regards to the vector of individual posterior

probabilities they generate. For any weighted average that assigns positive weight to each

agents posterior probability, the weighted average of the individual posterior probabilities

corresponding to s� is strictly smaller than that of any s 6= s�. Bayesian equivalence then
requires the weighted average (corresponding to the stationary distribution) of the posteriors

corresponding to s� to equal the posterior probability of event C conditioning on s�. But

this is not the case as the posterior probability of event C given s� is strictly smaller than

the minimum posterior probability conditioning on any individual signal s�i .

Theorem 1 provides a result concerning information aggregation taking Bayesian equiv-

alence as the tool to evaluate the limit opinions. But Bayesian equivalence is just one way

to evaluate information aggregation in networks. It is a natural approach, in my opinion, as

it asks whether the limit belief of an agent can be rationalized in a Bayesian manner. An

alternative way of evaluating information aggregation is to check if an agents limit belief is

closer to the true belief than his initial belief was. For a given fundamental state let the true

posterior denote the posterior probability of event C conditioning on the cell of the join con-

taining the fundamental state. If in a given fundamental state an agents limit belief is closer

to the true belief than his initial belief then one could say that the agent improves by partic-

ipating in communication. While there are simple examples showing that some agents might

improve in the sense just described in all fundamental states, on the cost of others, it can be

shown that, generically in the weight space, a non-Bayesian communication structure cannot

12The same applies to all theorems in the paper.
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lead to a Pareto improvement of all agents.13 Whenever some agents improve in a given state,

others are worse o¤. The benchmarks of Bayesian equivalence and posterior improvement

have in common that under neither participating in a non-Bayesian communication struc-

ture is bene�cial for all agents. The main point here is that non-Bayesian communication

structures are (generically) strictly inferior to Bayesian communication structures from an

information aggregation perspective under either evaluation concept.

4.1 Proof of Theorem 1

To preface the proof note that the weight state � can be represented by a Markov transition

matrix T� with v rows and columns. Since the network is connected and all agents assign

positive weight to themselves, the transition matrix is irreducible and aperiodic and hence

converges to its unique stationary distribution �(�). Therefore, for every state of the world,

the limit beliefs of all agents coincide which implies that the limit partitions P1i (: j(p;�))
coincide for all agents. The proof of the theorem relies on the following three lemmas and

the Freidlin and Wentzell Theorem, which states that the weight of agent i in the stationary

distribution is proportional to the sum of likelihood of its i-trees.14 Please note that in the

following the unit simplex in Rk is denoted as�(k) and ri(�(k)) denotes the relative interior
of the unit simplex. The following lemmas are used in the proof of Theorem 1.

Lemma 1 Let f be a continuous function, f : � !ri(�(l)) for l � 2. Consider a hyper-

plane H in Rl such that
H \ ri (�(l)) 6= ;:

If �� (f�1 (H \ ri (�(l)))) > 0, then there exists an open ball Br(�) in � such that

f(�0) 2 H \ ri (�(l))

for all �0 2 Br(�).

Lemma 2 Consider the stationary distribution � : � !ri(�(v)). Let �(q;q0) be de�ned
as follows

�(q;q0) =

(
� 2 ri (�(v)) :

X
i2V
�i � qi =

X
i2V
�i � q0i

)
:

13The formal proof of the claim is available on request.
14Please see the supplementary appendix for a formal statement of the Freidlin and Wentzell Theorem.
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Then

9Br(�) � � s.t. �(�0) 2 �(q;q0) for all �0 2 Br(�)() q = q0:

Lemma 3 There exists a full measure set �G;p such that we have P1i (: j(p;�)) = P1 (: jp)
for all � 2 �G;p and i 2 V ,

P1(! jp) =
�
!0 2 
 : q1(!0 jp) = q1(! jp)

	
:

Please see below for the proof of Theorem 1.

Proof. Let �G;p denote the set of weight states where P1i (: j(p;�)) = P1 (: jp) holds for all
i, and denote its complement as �B;p. By Lemma 3 we have ��(�G;p) = ��(�). I prove

the statement of the theorem via contradiction. Suppose there exists a subset �̂ of � such

that all its elements are Bayesian equivalent and ��(�̂) > 0 which immediately implies that

�(�̂G;p) > 0 where �̂G;p = �̂\�G;p. Let q�(! jp) denote the Bayesian equivalent limit belief
for weight states � 2 �G;p,

q�(! jp) = p (P1(! jp) \ C)
p(P1(! jp)) :

For a Bayesian equivalent weight state � 2 �̂G;p the following holds by de�nitionX
i2V

�i(�)q
1
i (! jp) = q�(! jp):

As the information setting is not trivial there exists a fundamental state !0 2 
 such that
q1(!0 jp) 6= q�(!0 jp), where q�(!0 jp) equals a vector with each component equaling q�(!0 jp).
The set of limit weights in ri(�(v)) that lead to an average of q1(!0 jp) equaling q�(!0 jp) is
given by

�(q1;q�) =

(
� 2 ri (�(v)) :

X
i2V

�i(q
1
i (!

0 jp)� q�i (!0 jp)) = 0
)
:

Note that �(q1;q�) equals the non-empty intersection of a hyperplane in Rv with ri(�(v)).
As all elements of �̂G;p are Bayesian equivalent we have �̂G;p � ��1 (�(q1;q�)). As shown
above, the assumption ��(�̂) > 0 implies ��(�̂G;p) > 0 which then implies that

��(�
�1 ��(q1;q�)�) > 0:

By Lemma 1, ��(��1 (�(q1;q�))) > 0 implies the existence of an open ball Br(�) in the

weight space � such that �(�0) 2 �(q1;q�) for all �0 2 Br(�) which together with Lemma
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2 implies that q1= q� which contradicts the assumption that the information setting is non-

trivial�

5 Perfect Information Aggregation in Mixed Commu-

nication Structures

The previous section established that non-Bayesian communication structures lead to incor-

rect consensus beliefs generically. From the existing literature, see Mueller-Frank[18], we

know that, for generic priors, Bayesian communication structures lead to consensus beliefs

that perfectly aggregate the private information of all agents. From an informational e¢ -

ciency point of view transforming each non-Bayesian agent into a Bayesian agent therefore

leads to an improvement. But this might not be possible for all agents and moreover, this

transformation could be very costly.

In this section I consider the questions whether mixed communication networks, that

consists of only some but not all Bayesian agents, (i) lead to consensus, and (ii) under which

conditions mixed communication structures satisfy perfect information aggregation. For this

part of the paper rede�ne information setting as the tuple ((
;F) ; C; fPigi2V ; G). This dif-
fers from the previous de�nition through the exclusion of the common prior p. Consider the

space � of common priors on (
;F). The space of common priors � equals the relative in-

terior of the unit simplex in Rk.15 Let L(�) denote the �-algebra of all Lebesgue measurable
subsets of � and �� denote the corresponding measure which is derived from the Lebesgue

measure in Rk�1.16 Let � denote the product space ��� with the corresponding product

�-algebra and product measure �� = �� � ��.

An information setting achieves perfect information aggregation for prior p and weight

state � if the consensus belief in every fundamental state of the world equals the posterior

15For details on the space of common priors please see the supplementary appendix.
16Please see the supplementary appendix for details on how to construct the measure.
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probability conditioning on the pooled private information of all agents,

q�(! j(p;�)) =
p

 
C \

_
i2V
Pi(!)

!

p

 _
i2V
Pi(!)

!

for all ! 2 
 and where
_
i2V
Pi denotes the join of partitions of all agents.

In order to gain some intuition for the analysis and the result to come consider an

undirected star network consisting of four agents V = f1; 2; 3; 4g. Let 1 be the agent of the
center who is linked to every other agent. Agents 2, 3 and 4 are linked only to agent 1.

Suppose that agent 2 is Bayesian and the remaining agents are non-Bayesian assigning equal

weights to each of their neighbors and themselves, i.e.

�1 =

�
1

4
;
1

4
;
1

4
;
1

4

�

�3 =

�
1

2
; 0;
1

2
; 0

�
�4 =

�
1

2
; 0; 0;

1

2

�
:

The state space is represented by the rectangle in �gure 1 below.

Figure 1: State space of example

Suppose that the prior is given by the uniform distribution. The event C is represented

by the shaded subset of the state space. Agent 1 and agent 2 do not receive any private
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information, P1(!) = P2(!) = 
 for all ! 2 
. The partition cells of agent 3 are given by
the columns of the matrix,

P3 = fJ1 [ J3 [ J5; J2 [ J4 [ J6g

while agent 4 learns the cells of the matrix

P4 = fJ1; J2; J3; J4; J5; J6g:

Note that the join of the partitions equals the partition of agent 4. Consider the �rst period

announcement vectors as a function of the realized state

q1 (!) =

8>>>>>>>><>>>>>>>>:

�
1
2
; 1
2
; 1
3
; 1
3

�
if ! 2 J1�

1
2
; 1
2
; 2
3
; 2
3

�
if ! 2 J2�

1
2
; 1
2
; 1
3
; 0
�
if ! 2 J3�

1
2
; 1
2
; 2
3
; 1
�
if ! 2 J4�

1
2
; 1
2
; 1
3
; 2
3

�
if ! 2 J5�

1
2
; 1
2
; 2
3
; 1
3

�
if ! 2 J6

:

Since the join of the partitions equals the partition of agent 4, perfect learning occurs if

the beliefs of all agents converge to the �rst period announcement of agent 4. Note that

this occurs only if the Bayesian agent 2 can infer the �rst period announcement of agent 4

through the second period announcement of the center agent. We have

q21 (!) =

8>>>>>>>><>>>>>>>>:

5
12
if ! 2 J1

7
12
if ! 2 J2

1
3
if ! 2 J3

2
3
if ! 2 J4

1
2
if ! 2 J5

1
2
if ! 2 J6

:

Suppose that a state ! in J5 [ J6 is realized which leads to q21 (!) = 1
2
. If agent 2 observes

agent 1 announcing 1
2
in period two, she concludes that the realized state of the world

lies in either cell J5 or J6 as all other states would have lead to a di¤erent second round

announcement of agent 1. Agent 2�s third period announcement is hence equal to q32(!) =
1
2
.

Due to the symmetric way agent 1 treats agent 3 and 4, observing the announcement of

agent 1 in periods t � 3 allows for no further rational inferences. Learning ends for agent

2 at the beginning of period three. Her announcement remains 1
2
for all periods t � 3.
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Straight forward arguments from the theory of absorbing Markov chains then establish that

the opinions of the remaining agents converge to 1
2
. Perfect learning fails for any state

! 2 J5 [ J6 as the limit consensus belief 12 is unequal to the Bayesian posterior conditioning
on the realized cell of the join J5 or J6 which is equal to 2

3
respectively 1

3
. Note that for

any pair of distinct �rst period announcement vectors q1(!), q1(!0) every feasible weight

vector �̂
1
assigning di¤erent weights to agents 3 and 4 leads to di¤erent second period

announcements of agent 1 implying that agent 2 can infer the �rst period announcement

vector from the second period announcement of agent 1 and therefore the realized cell of the

join of partitions.

The following theorem establishes that in any mixed communication network perfect

information aggregation occurs generically in the product space of priors and weights.

Theorem 2 For a given information setting consider the common prior p over the fun-
damental state space 
 and the mixed communication structure � 2

Y
j2:B

�j with :B 2

2V r fV; ;g. There exists a full measure set �� � ��� such that perfect information

aggregation occurs for every (p;�) 2 ��.

Theorem 2 establishes that asymptotic consensus holds in mixed communication struc-

tures for generic weight states and priors. The Bayesian agents achieve consensus in �nite

time and they determine the long run opinions of all agents. Asymptotic consensus occurs

despite the inability of the non-Bayesian agents to process complex information. In a con-

nected society of Bayesian and non-Bayesian individuals all individuals are informationally

equivalent in the long run. The Bayesian agents are able to infer the private information

of all agents from the announcements of their neighbors over time, despite the noise that is

introduced through the presence of non-Bayesian agents. But not only do Bayesian agents

perfectly learn but all agents hold the same, perfect posterior belief in the long run.

The proof of the theorem follows from an auxiliary result which states that each Bayesian

agent learns the relevant private information concerning the event C of every agent within

distance of t through the announcements of his neighbors in period t. Therefore, perfect

learning occurs along the shortest path. This explains why agents have no incentive to

deviate from their truth-telling behavior for generic priors and weight states. Consider the

interpretation where each agents utility function is given by ui(ai; !) = �
�
1[!2C] � ai

�2
and

suppose that they select actions to maximize their expected discounted future utility stream.
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Since learning occurs along the shortest path, behaving myopically is the only best response

to all other Bayesian agents acting myopically as it maximizes the expected utility in each

round and learning cannot be improved upon by strategic deviations from the myopic action.

It is worthwhile to highlight a feature of the result of Theorem 2; perfect information

aggregation occurs generically in any connected network with some Bayesian agents, in-

dependent of their proportion and location in the network. Intuition might tempt one to

believe that for perfect learning to occur the Bayesian agents require a prominent position

in the network and by acting as hubs enable the result. However, the Bayesian agents can

be located in a corner of the network, there might even be only one, nevertheless this one

Bayesian has a striking impact on the long run opinion, and its quality, of all agents in

the network. Theorem 3 presents the properties of information aggregation in Bayesian and

mixed communication structures.

Theorem 3 Consider the information setting ((
;F) ; C; fPigi2V ; G), the corresponding
Bayesian communication structure and a mixed communication structure � 2

Y
j2:B

�j with

:B 2 2V r fV; ;g. There exists a full measure set �� ���� such that the Bayesian and

mixed communication structure yield identical limit beliefs for every (p;�) 2 ��, perfectly
aggregating the private information of all agents.

Bayesian and mixed communication structures are equivalent in regards to the limit

consensus belief. Both yield perfect information aggregation. As long as there exists one

Bayesian agent transforming more agents from non-Bayesian to Bayesian has no e¤ect on

the quality of information aggregation. The theorem follows directly from Theorem 2 above

and Theorem 4 in Mueller-Frank[18] which establishes perfect information aggregation in

Bayesian communication structures.

Theorem 1 establishes that non-Bayesian communication structures fail in aggregating

private information. The asymptotic consensus opinion misrepresents any subset of the

private information of agents. Theorem 2 on the other hand establishes that any mixed

communication structure leads to (long run) informational equivalence among Bayesian and

non-Bayesian agents and, moreover, perfectly aggregates private information. While the con-

sensus beliefs do not depend on the structure of the network, nor the number and location of

the Bayesian agents, the speed of convergence varies with these three parameters. A formal

treatment of the speed of convergence of mixed communication structures requires the analy-
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sis of the speed of convergence of the in�nite power of stochastic matrices to their limit.17

This is omitted here as it would distract from the main focus of the paper, the qualitative

properties of information aggregation in mixed communication structures. Note however,

that there exists a fundamental di¤erence between the speed of convergence of Bayesian

and mixed communication structures; in Bayesian communication structures consensus is

achieved in �nite time along the shortest path while in mixed communication structures

consensus is generally only achieved in the limit.

There is one important point to mention in regards to the implications of the results

stated so far. The proofs of the theorems heavily exploit the assumption that there is

common knowledge among the Bayesian agents of the updating function each non-Bayesian

agent uses. This assumption clearly fails in reality. No matter how sophisticated an agent is

he cannot know the precise updating functions of all agents in a large network. So the results

serve as benchmark results stating what occurs in a perfect world. In section six the e¤ect

of relaxing the assumption of common knowledge of the updating functions is analyzed.

5.1 Structure of the Proof of Theorem 2

This subsection not only provides an overview of the structure of the proof but the �rst part

of the proof itself. The proof of the second part can be found in the appendix. Let dG(i; j)

denote the distance of agent i from agent j in network G, i.e. the length of the shortest path

from i to j. The diameter of the network, diam(G), equals the greatest distance between

any two agents in network G. The proof of the theorem is based on the following reasoning.

Let T denote a v � v row stochastic matrix derived from the weight state � and network G

such that

Tkl =

8><>:
1 if k = l 2 B

�kl if k 2 :B, l 2 Nk
0 otherwise

:

As the partitions of all agents are �nite, for all Bayesian agents learning ends in �nite time.

The announcement of agent i 2 B in period t � 1 is given by his posterior conditioning on
his information, while the announcement of a non-Bayesian agent j in period t � 2 is given
by

qtj(! j(p;�)) =
�
T� qt�1(! j(p;�))

�
j
.

17For an analysis of speed of convergence in non-Bayesian learning models see for example Jadbabaie and
Tahbaz-Salehi[16], Nedic and Ozdaglar[20], and Olshevsky and Tsitsiklis[21].
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Suppose that in t� learning ended for all Bayesian agents. We have

qt
�+n(! j(p;�)) = Tn�qt�(! j(p;�))

for all n 2 N. Simple arguments from the theory on absorbing Markov chains then show that
the limit announcement of every non-Bayesian agent is a weighted average of the learning end

announcements of a subset of the Bayesian agents. The proof establishes that for generic

(p;�) (i) learning ends by period t� =diam(G) + 1 for each Bayesian agent, and (ii) in

t� the announcement of every Bayesian agent equals the posterior probability of event C

conditioning on the realized cell of the join of the partitions of all agents.

In the following I provide the �rst part of the proof of the theorem. First note that

common knowledge of the (i) graph structure, (ii) weight state �, (iii) partitions Pi for all
i 2 V , and (iv) the identity of the Bayesian and non-Bayesian agents, imply that the period-
t-partition P ti of each Bayesian agent is common knowledge among all Bayesian agents. For
agent i let PPLi;t denote the perfect learning partition, the join of the partitions of agents

within distance of t� 1 from i,

PPLi;t =
_

l2V : dG(i;l)�t�1

Pl.

Bayesian learning of agent i implies that agent i�s partition in period t, P ti , is at most as �ne
as PPLi;t , i.e. PPLi;t � P ti . The perfect learning announcement of agent i in period t, q�i;t(! jp),
is de�ned as

q�i;t(! jp) =
p
�
C \ PPLi;t (!)

�
p
�
PPLi;t (!)

� .

From the perfect learning announcement in period t, q�i;t, construct the following partition

P�i;t,
P�i;t(! jp) =

�
!0 2 
 : q�i;t(!0 jp) = q�i;t(! jp)

	
.

Note that P�i;t is at most as �ne as the perfect learning partition, PPLi;t � P�i;t. To establish
the statement of the theorem it is su¢ cient to prove the following statement which I denote

as statement A:

Statement A: For every period t there exists a full measure set of priors�� ��
such that for each p 2�� there exists a full measure set of weight states �t

p � �
and for all weight states � 2 �t

p we have q
t
i(! j(p;�)) = q�i;t(! jp) for every ! 2 
.
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If statement A is correct, then there exists a full measure set of priors �� and a, to each

such prior, corresponding full measure set of weight states �t�
p , where t

� =diam(G)+1, such

that for all � 2 �t�

p the announcement of every Bayesian agent i in periods t � t� satis�es
qti(! j(p;�)) = q�i;t�(! jp) for all ! 2 
. In order to show su¢ ciency of statement A for the
statement of the theorem we require the following lemma.18

Lemma 4 Consider the measure spaces (�;F�; ��),
�
�k;F�k ; ��k

�
, for k 2 N, and mea-

surable sets �� 2 F� with ��(��) = ��(�) and �k
p 2 F�k with ��k(�k

p) = ��k(�) for

all p 2 ��. The set F

F =
n
(p;�) : p2��;� 2 �k

p

o
is a full measure set, i.e. satis�es ����k (F) = ��(�)���k(�k).

Statement A together with Lemma 4 then implies that there exists a full measure subset

�� of the product space ��� in which perfect information aggregation occurs. For the

proof of statement A we require the following lemma. Let �p be the announcement function

which, for a given prior p on 
, assigns the posterior probability of event C to each possible

information set,

�p : 2

_
i2V

Pi
! [0; 1].

Lemma 5 De�ne I � F as

I =

8><>:I 2 2
_
i2V

Pi
: I \ C 6= ; and I \ CC 6= ;

9>=>;
There exists a full measure set of priors �� � � such that �p : I ! [0; 1] is injective for

every prior p 2��.

Statement A is proven by induction in what follows. To establish the base case for t = 2

consider a prior p 2 ��, a Bayesian agent i and his neighbor i1. Note that every agent�s

�rst period announcement is based upon Bayesian updating conditioning on his realized

partition cell. The realized weight state � does not a¤ect the �rst period announcement of

18Lemma 4 is used both in the proof of Theorem 2 and Theorem 4. Hence the more general formulation
for �k rather than �.
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any agent. Suppose that Pi1(!) 2 I. Since all priors p 2 � assign positive probability to

every element of F but ; and p 2 ��, Lemma 5 implies that agent i learns the realized

cell Pi1(!) through i1�s �rst period announcement. Suppose that Pi1(!) =2 I. By the same
reasoning, agent i learns that Pi1(!) is either a subset of C (or CC) through agent i�s �rst
period announcement. Therefore in each fundamental state ! the following is satis�ed for

the second period partition of agent i:

P2i (!)

8><>:
= PPLi;2 (!)
� C
� CC

:

In each of the three cases the second period announcement of i satis�es q2i (! jp) = q�i;2(! jp).
By Lemma 5 �� is a full measure set. Setting �2

p = � establishes the base case.

For the inductive step suppose that statement A is true for period t, i.e. for each p 2��

there exists a full measure set �t
p such that q

t
i(! j(p;�)) = q�i;t(! jp) holds for every i 2 B ,

! 2 
 and � 2 �t
p. To conclude the proof of statement A, I need to show that for each

p 2 �� there exists a full measure set �t+1
p such that qt+1i (! j(p;�)) = q�i;t+1(! jp) holds for

every i 2 B , ! 2 
 and � 2 �t+1
p . Note that if the partition of agent i in period t+1, P t+1i

is �ner than P�i;t+1 then qt+1i (!) = q�i;t+1(!). By de�nition of P�i;t+1

p
�
C \ PPLi;t+1(!)

�
p
�
PPLi;t+1(!)

� =
p
�
C \ P�i;t+1(! jp)

�
p
�
P�i;t+1(! jp)

�
for all ! 2 
. PPLi;t+1 � P t+1i � P�i;t+1 then implies

qt+1i (! j(p;�)) =
p
�
C \ P t+1i (! j(p;�))

�
p
�
P t+1i (! j(p;�))

� =
p
�
C \ PPLi;t+1(!)

�
p
�
PPLi;t+1(!)

� = q�i;t+1(! jp)

for all ! 2 
. Therefore, if for each p 2 �� there exists a full measure set �t+1
p such

that P t+1i (: j(p;�)) � P�i;t+1(: jp) holds for every i 2 B and � 2 �t+1
p , then statement A

holds. This is established in the appendix. The proof requires some more detail on the non-

Bayesian announcement functions in mixed communication structures and one additional

lemma, Lemma 8. Both of which can be found in the appendix preceding the proof of

Theorem 2.
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6 Lack of Common Knowledge of the Weight State �

and Perfect Information Aggregation

So far all Bayesian agents were assumed to commonly know the realized weight state � which

was encoded in each fundamental weight state !. This is a strong and unrealistic assumption.

In this section we check the robustness of the results to relaxing the assumption of common

knowledge of �, or in other words of common knowledge of the updating functions of the

non-Bayesian agents. Suppose that there exists a �nite set of weight states �� which are

commonly considered possible among the Bayesian agents. More precisely assume that for

each non-Bayesian agent j there exists a set of �nitely many updating functions ��j� �j

that are commonly considered possible among the Bayesian agents. We have

�� =
Y
j2:B

��j:

This generalization can be formally represented through an extended state space � consisting

of the product of the fundamental state space and the set of possible weight states

� = 
���:

Suppose that each agent is endowed with a probability measure pi�� over �� such that

pi��(�) >0 for all � 2 ��. This allows for heterogeneous priors over the set of possible weight
states. Let P ��

i denote agent i�s partition of ��, the set of possible weight states. I assume

that each non-Bayesian agent j knows his own weight state �j while each Bayesian agent i

has no information regarding the realized weight state,

P ��
j (�)=

n
�� 2 �� : ��

j
= �j

o
; P ��

i (�)= ��:

This implies the following extended state space partition for every agent i 2 V

Gi(!;�) =
n
(!0; ��) : !0 2 Pi(!); �� 2P

��
i (�)

o
:

The probability measure on the extended state space is the product of probability measures

on 
 and ��: For all measurable sets D 2 F and S � �� we have

pi�(D;S) = p(D)� pi��(S):
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Let N be the cardinality of the set of possible weight states ��. Note that if the goal is to

establish a result on information aggregation for generic sets �� 2 �N the statement has to

be made for elements of the product space �N . Here �N is the product measure space with

the corresponding product measure ��N . Let � denote the product space ���N with the

corresponding product �-algebra and product measure �� = ����N .

Consider the following two properties of the information setting:

Property I: For all cells P 2
_
i2V
Pi we have P \ C 6= ; and P \ CC 6= ;.

Property II: For every non-Bayesian agent j 2 :B and every i 2 Nj we have
Pi(!) 6= Pj(!) for all ! 2 
.

Property I implies that under no circumstances, even if pooling the private information of

all agents, does an agent ever know whether (i) the event C is realized with certainty, and (ii)

whether the complement of C is realized with certainty. Property II imposes heterogeneity

on the private information held by non-Bayesian agents and their neighbors in the network.19

The following theorem establishes the robustness of perfect learning in mixed communi-

cation networks to lack of common knowledge of the non-Bayesian updating functions for

information settings that satisfy properties I and II.

Theorem 4 For an information setting satisfying property I and property II, consider the
common prior p 2 � over the fundamental state space 
, the �nite set of weight states
�� 2 �N , and the set of priors fpi��gi2V over ��. There exists a full measure set �

� ����N

such that for all (p; ��) 2 �� perfect information occurs in every � 2 ��.

Perfect information aggregation occurs generically in any mixed communication network

as long as the (i) pooled private information never fully reveals the realization of the event,

(ii) private information each non-Bayesian agent holds di¤ers from that of his neighbors, and

(iii) for each non-Bayesian agent only �nitely many di¤erent learning rules are commonly

considered possible among the Bayesian agents. Moreover, the Bayesian agents need not

have a common prior over the set of possible weight states nor do their (heterogenous)

priors have to be commonly known. Property I is not necessary for the perfect information

19Properties I and II are satis�ed in the typical information setting of the herding literature, where agents
observe state-dependent random signals (with �nite support).
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aggregation result. It does however allow for an important simpli�cation of the proof and is

made for expositional purposes. The necessity of property II on the other hand is unclear.

The property plays a crucial role in the proof of the theorem.

The perfect information aggregation result of Theorem 2 and the informational equiv-

alence of Bayesian and mixed communication structures are based on the assumption that

there is common knowledge among all Bayesian agents which updating rule every non-

Bayesian agent uses. This is a very strong assumption and hence one has to be careful

when drawing practical implications from the results. But the qualitative nature of the re-

sults does not depend on this strong assumption as Theorem 4 establishes. The assumption

that there are only �nitely many possible updating functions for each agent is not particu-

larly strong and the fact that the Bayesian agents do not require a common prior over the set

of possible updating functions even less so. Theorem 4 shows that the perfect information

aggregation property of mixed networks and the long run equivalence between Bayesian and

non-Bayesian agents has a certain robustness to it. However, one still has to be careful when

taking the normative implications of the model to the real world as the set of non-Bayesian

updating functions is restricted to weighted averages. The natural next step following the

current analysis would be to check the robustness of the results in regards to a more general

class of non-Bayesian updating functions. This is left for future work.

6.1 Structure of the Proof of Theorem 4

This subsection does not only provide an overview of the structure of the proof and the

involved lemmas but presents the �rst part of the proof itself. The second part can be

found in the appendix. First note that common knowledge of the (i) network G, (ii) set ��,

(iii) partitions Gi for all i, and (iv) the identity of the Bayesian and non-Bayesian agents,
imply that the period-t-partition Gti of each Bayesian agent i is common knowledge among
all Bayesian agents. Let Gi = (Vi; Ei) denote the subgraph of G = (V;E) where all Bayesian

agents but i are removed,

Vi = fig [ V rB
Ei = fjk 2 [Vi]2 : jk 2 Eg:
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For agent i let GPLi;t denote the perfect learning partition in period t. For each (!;�) the

partition GPLi;t satis�es

GPLi;t (!;�) =

8<:�!0; ��� 2 � : !0 2 _
k s.t. dG(i;k)�t�1

Pk(!); �� 2
_

k s.t. dGi (i;k)�t�2

P ��
k (�)

9=; .
where dG(i)(i; k) 2 f�1; 0g implies k = i. To establish the statement of the theorem it is

su¢ cient to establish the following statement which I denote as statement B.

Statement B: For every period t there exists a full measure set of priors�� ��
such that for each p 2 �� there exists a full measure set �N

p;t � �N such that

for all �� 2 �N
p;t the period-t-partition partition Gti

�
:
��(p; ��)� of every Bayesian

agent equals GPLi;t .

If statement B is correct, then there exists a full measure set of priors �� and a, to

each such prior, corresponding full measure set �N
p;t�, where t

� =diam(G) + 2, such that

Gti
�
:
��(p; ��)� = GPLi;t� (!;�) for all t � t�. Note that for Gti = GPLi;t� simple equivalent trans-

formations establish that the posterior probability of event C 2 F of agent i in period t is

given by

qti(!;�
��(p; ��) ) =

pi�((C; ��)\GPLi;t� (!;�))
pi�
�
GPLi;t� (!;�)

�

=

p

 
C \

_
k2V

Pk (!)
!

p

 _
k2V

Pk (!)
! :

due to the assumption that p� is the product of probability measures p and pi��. Therefore the

announcement is independent of the prior pi��. Lemma 4 then implies that there exists a full

measure subset �� of the product space ���N in which perfect information aggregation

occurs.

The statement is proved by induction. Note that property I implies

I = 2

_
k2V

Pk
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which means that for p 2 �� the announcement function �p is injective on the set of all

possible information sets. The base case for t = 2 then follows from injectivity of the Bayesian

announcement function �p on the set of possible information sets. For all p 2 �� we have

�N
p;2 = �

N which is a full measure set. For the inductive step suppose that the statement

is true for period t, i.e. for each p 2 �� there exists a full measure set �N
p;t such that the

period-t-partition of every Bayesian agent equals GPLi;t . Consider a Bayesian agent i and the
inferences he draws from the announcement in period t of each of his neighbors. Consider

�rst a Bayesian neighbor i1 who knows the realized cell of the join of fundamental partitions

of all agents within distance of t� 1 (and hence distance t of agent i) due to the induction
hypothesis. Due to the injectivity of �p for p 2 �� agent i learns the realized cell of the

fundamental partition of all agents with distance of t� 1 of i1 through the announcement of
i1 in period t for all �� 2 �N

p;t. While i might re�ne his fundamental partition based upon

the period t announcement of his Bayesian neighbor, he cannot draw any further inferences

in regards to realized weight state.

Next consider a non-Bayesian neighbor j of agent i. If for each prior p 2�� there exists

a full measure set �N
p;t+1(j) � �N such that i can infer, through the period t announcement

of j, (i) the fundamental partition of all agents with distance of t� 1 of j in G, and (ii) the
realized weight state of all agents with distance of t � 2 of j in Gi, for all �� 2 �N

p;t+1(j),

then the induction step is established as there are only �nitely many agents. Proving the

above statement hence completes the proof of the theorem. Consider a prior p 2 ��, a set
�� 2 �N and compare the announcement of j in period t for two di¤erent extended states

(!0;�0) =2 GPLj;t (!;�)

qtj(!;�
���p; ��� ) = f tj (�)� qYt

j
(!;�

���p; ���)
and

qtj(!
0;�0

���p; ��� ) = f tj (�0)� qYt
j
(!0;�0

���p; ���).
If qtj(!;�) is not equal to q

t
j(!

0;�0) then agent i can distinguish (!0;�0) and (!;�) through

the announcement of j in period t. We have to show that for a �xed prior p 2 �� and

generic sets �� the announcements are unequal for all pairs (!0;�0) =2 GPLj;t (!;�). Let us start
by ordering the elements of �� by their position from 1 to N . The weight state � 2 �� on

position � is denoted by ���. For a prior p 2�� the induction hypothesis implies that there

exists a full measure set �N
p;t such that the Bayesian vectors qYt

t
depend only on !,

qYt
j
(!; ���

���p; ���) = q�Yt
j
(! jp)
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for all ! 2 
, all �� 2 �N
p;t and all � 2 f1; :::; Ng. As q�Yt

j
is a vector of Bayesian announce-

ments of agents within distance of t� 1 of j for !0 2 PPLj;t (!) we have

q�Yt
j
(! jp) = q�Yt

j
(!0 jp):

The injectivity of �p and the induction hypothesis further imply

q�Yt
j
(! jp) 6= q�Yt

j
(!0 jp)

for !0 =2 PPLj;t (!). Consider the following function g
t;j
(!;!0);(�;�) : �

N ! R where

gt;;j(!;!0);(�;�);p
�
��
�
= f tj

�
���

�
� q�Yt

j
(! jp)� f tj

�
���

�
� q�Yt

j
(!0 jp).

The function gt;j(!;!0);(�;�);p is continuous due to the continuity of f
t
j and, moreover, surjective

on some open set (x�; x+) � R. Note that for �� 2 �N
p;t the function value g

t;;j
(!;!0);(�;�);p

�
��
�

equals

qtj(!; ���

���p; ��� )�qtj(!0; ���

���p; ���)
which implies that for gt;;j(!;!0);(�;�);p

�
��
�
= 0 agent i can distinguish

�
!; ���

�
from

�
!0; ���

�
through the announcement of j in period t. Consider the set of functions

St;jg;p =
n
gt;;j(!;!0);(�;�);p

o
(!;!0);(�;�)2
2�f1;:::;Ng2

such that gt;;j(!;!0);(�;�);p
�
��
�
6= 0 for some �� 2 �. Note that St;jg;p is �nite as the join of

fundamental partitions and �� are �nite. Further note that for g 2 St;jg;p we have either (i)
!0 =2 PPLj;t (!), (ii) � 6= � such that

��� =2
_

k s.t. dGi (i;k)�t�2

P ��
k (���),

or both. If we can show that for each g 2 St;jg;p the preimage of 0 has measure zero in �N

then we can construct a full measure set �N
p;t+1(j) satisfying that the announcement of j

corresponding to (!0;�0) =2 GPLj;t (!
���p; ��� ) di¤ers from the announcement corresponding to

(!;�) for all �� 2 �N
p;t+1 which concludes the proof of the theorem. The set �

N
p;t+1 equals

�N
p;t+1(j) = �

N
p;t \

\
g2St;jg;p

�
�N r g�1(0)

�
:
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In the appendix we conclude the proof by establishing that for every g 2 St;jg;p the following
holds

��N

�
g�1(0)

�
= 0:

The proof requires two lemmas.

Lemma 6 Consider a Bayesian announcement vector qYt
j
2 (0; 1)jY

t
jj, q1j 6= q1k for all j 2 :B

and k 2 Nj.
jYt

jjX
l=1

�
f tj (�)

�
l
�
h
qYt

j

i
l
= c

implies that for each open ball Br (�) around � in � there exists �̂ 2Br (�) such that

jYt
jjX

l=1

�
f tj (�)

�
l
�
h
qYt

j

i
l
6= c:

To preface the statement of the �nal lemma note that the individual weight spaces �j

are subsets of an Euclidean space endowed with the corresponding metric which is denoted

by d�j
(). The product space � is therefore a metric space endowed with the usual product

metric which is denoted by d�(:),20

d�(�;�
0) =

j:BjX
j=1

1

2j
d�j

(�j;�j0)

1 + d�j
(�j;�j0)

:

Lemma 7 The boundary of each open ball Br(�) in � has measure zero,

�� (@Br(�)) = 0:

The proof of the lemma uses a version of Fubini�s Theorem regarding properties of mea-

sure zero sets in product spaces.21

20Note that in the de�nition of the metric d� it is assumed that in V the non-Bayesian agents are given
by the set f1; :::; j:Bjg while the set of Bayesian agents is given by fj:Bj+ 1; :::; vg.
21Please see the supplementary appendix for a statement of Fubini�s Theorem.
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7 Conclusion

This paper analyzes aggregation of private information in a setting of repeated interaction in

social networks. I introduce the concept of Bayesian equivalence as a tool to analyze the in-

formation aggregation properties of the repeated interaction. First I consider the DeGroot[6]

model of non-Bayesian learning where agents form their opinion by taking a weighted aver-

age of the last period opinions they observed. I show that the asymptotic consensus opinion

in non-Bayesian communication structures fails Bayesian equivalence for generic updating

functions. It does not represent any subset of the private information of agents. This con-

trasts existing results for Bayesian communication structures. Mueller-Frank[18] has shown

that for generic priors, the consensus belief of agents in networks consisting only of Bayesian

agents perfectly aggregates the private information of all agents, thus satisfying Bayesian

equivalence.

This paper makes a �rst step towards understanding the opinion formation and infor-

mation aggregation properties of social networks where agents with di¤ering degree of so-

phistication interact with each other. I consider a social network composed of Bayesian and

non-Bayesian agents and show that for generic priors and updating functions the opinions of

all agents converge to a consensus opinion which perfectly aggregates the private information

of all agents. The perfect information aggregation result does not depend on the location nor

number of the Bayesian agents in the network. All agents perfectly learn as long as there are

some Bayesian agents in the connected network. Theorem 2 together with the existing result

of perfect information aggregation in Bayesian communication structures established in an

earlier paper, Mueller-Frank[18], imply that Bayesian and mixed communication structures

are equivalent from an information aggregation point of view. Both lead to the same limit

opinions, which incorporate the private information of all agents.

The perfect information result stated above is derived under the assumption that the

Bayesian agents commonly know the updating function of each non-Bayesian agent which is

a fairly strong assumption. As the last result of the paper, I show that perfect information

aggregation carries forward to a setting where Bayesian agents only commonly know a �nite

set of possible updating functions for each agent. The �niteness of the set of possible updating

functions is not necessary. If the set of possible updating functions is countable, perfect

learning holds for generic sets and priors.22 Finally, a common prior condition on this set

22This follows directly from our proof as the set of functions St;jg;p is countable and countable intersections
of full measure sets yield a full measure set. See page 28.
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of commonly considered possible updating functions is not necessary to derive the perfect

information aggregation result.

The theorems establish informational equivalence of Bayesian and non-Bayesian agents

in mixed communication structures. The informational equivalence result is asymptotic.

However, for certain settings in which agents announce beliefs and select expected utility

maximizing actions in each round of interaction, the Bayesian and non-Bayesian agents are

equivalent in expected utility terms within �nite time even though they are informationally

equivalent only in the limit.23

There are two natural avenues to extend the results of the paper. For one, I assume

that the network structure as well as the type of each agent, Bayesian versus non-Bayesian

agent, is commonly known among the Bayesian agents. The analysis here suggests that the

result should carry forward when relaxing these two conditions. The second possible avenue

for future work concerns the non-Bayesian agents. In this paper I followed the standard

approach in the literature to model the non-Bayesian agents via weighted average updating

functions. The recent paper Mueller-Frank[19] considers a general class of non-Bayesian

updating functions and provides a characterization of the class of functions that achieve

consensus in non-Bayesian communication structures. A natural extension of the analysis

undertaken here would allow for updating functions within this general class as opposed to

the restricted class of weighted average updating functions. This is left for future work.

Appendix A

Proof of Lemma 1

Proof. Denote by H�1 the preimage of the intersection of hyperplane H with the relative

interior of simplex �(l),

f�1(H \ ri�(l)) = H�1.

Consider the restriction �f of f to H�1,

�f : H�1 ! H \ ri�(l):

and consider the metric topologies on H�1 and H\ri�(l). The function �f is continuous

between the topological spaces H�1 and H\ri�(l) as f is continuous. Note that H\ri�(l)

23Please see the supplementary appendix for a formal example of such a setting.
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is second countable (with the base being open balls with rational center and radius), therefore

H\ri�(l) has a countable base. We have

H \ ri�(l) =
[
i2N

BiH;

for some countable collection fBiHgi of open balls in H\ri�(l). This implies

�f�1 (H \ ri�(l)) = �f�1

 [
i2N

BiH

!
.

The countable additivity of measures implies

��
�
�f�1(H \ ri�(l))

�
�
X
i

��
�
�f�1(BiH

�
).

Therefore if ��
�
�f�1(H \ ri�(l))

�
> 0 there exists at least one open ball BiH such that

��
�
�f�1(BiH

�
) > 0:

As �f is continuous the preimage of BiH is an open set in H
�1. As H�1 is a subset of �, the

preimage �f�1(BiH) is open relative to H
�1 in � which implies that there exists an open set

Bi� in � such that Bi� \H�1 = �f�1(BiH) (see Theorem 2.30 in [23]). But �f�1(BiH) being

relatively open in � and ��
�
�f�1(BiH

�
) > 0 then imply that f�1(BiH) must be open in �.

Thus there exists an open ball Br(�) in � such that f(�0) 2 H\ri�(l) for all �0 in Br(�)�

Proof of Lemma 2

Proof. The direction " ( " follows immediately from the de�nition of the set �(q;q0). To

prove the other direction suppose that q 6= q0 and that there exists an open ball Br(�) in the
weight space � such that �(�0) 2 �(q;q0) for all �0 2 Br(�): A contradiction is established
in three steps

1. Consider the following weight state ��(i) 2 Br(�)�
��(i)

�i
i
= �ii � ��

��(i)
�i
j
= �ij +

�

jNij
for j 2 Ni�

��(i)
�l
k
= �lk for all l 2 V r fig; k 2 V:
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Hence ��(i) di¤ers from � only by a slight decrease in the weight agent i assigns to

himself and a proportional increase in the weights he assigns to his neighbors. For

small enough � the weight state ��(i) lies in Br(�):

2. For every node j 2 V consider the sum of the likelihood of its j-spanning trees in ��(i)

compared to �.24 As the weights of all outgoing edges from node i increase in weight,

the graph is strongly connected and only the self-weight of i decreases the following

relation holds for the sum of likelihoods of j-trees

g��(i)(i) = g�(i)

g��(i)(j) > g�(j) for all j 2 V r fig:

Hence for every agent j there exists a non-negative real number �i
j such that

g��(i)(j) = g�(j) + �
i
j;

where �i
i = 0 and �

i
j > 0 for all j 6= i:

3. ��(i) 2 Br(�) implies that �(��(i)) 2 �(q;q0): Hence

X
j2V

g�(j) + �
i
jP

j2V

�
g�(j) + �i

j

� � qj =X
j2V

g�(j) + �
i
jP

j2V

�
g�(j) + �i

j

� � q0j:
Equivalent transformations yieldX

j2V
g�(j)�

�
qj � q0j

�
+
X
j2V
�i
j �

�
qj � q0j

�
= 0:

As �(�) 2 �(q;q0) we have X
j2V
�i
j �

�
qj � q0j

�
= 0

which implies that the point �i =

 
�i1P

j2V
�ij
; :::; �ivP

j2V
�ij

!
lies in �(q;q0). For each i 2 V

respectively construct the point�i. Consider the set of vectors f�igi2V : These vectors

24Please see Appendix B for a statement of the Freidlin and Wentzell Theorem.
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are independent if the matrix 0B@ �1

:

�v

1CA
has a determinant of zero. This matrix is a probability matrix with each entry on

the diagonal equalling 0 and with all other entries taking strictly positive values. The

vectors are independent since the matrix has an inverse matrix which is equal to a

diagonal matrix with entries of 1 on the diagonal. As each point �i lies in �(q;q0)

and the corresponding vectors are independent one can construct from the set of n

independent vectors a set of n � 1 independent vectors that lie in �(q;q0) and hence
span �(q;q0): But all points�i also lie in the hyperplane containing the set of feasible

weights ri(�(v)) which implies that the intersection of �(q;q0) and ri(�(v)) is equal to

ri(�(v)). This would imply that for all limit weights in ri(�(v)) the weighted average

of q and q0 is the same which holds only if q = q0.�

Proof of Lemma 3

Proof. First note that P1(: jp) is �nite since the join of partitions is �nite and P1(: jp)
is (weakly) coarser than the join of partitions. The objective is to show that generically

in � two di¤erent �rst period announcement vectors q1(! jp), q1(!0 jp) lead to di¤erent
limit consensus opinions q1(! j(p;�)), q1(!0 j(p;�)) as the limit partition P1i (: j(p;�)) then
coincides with P1(: jp). The limit opinion is determined by the �rst period announcement
vector and the unique stationary distribution �(�) for weight state �

q1(! j(p;�)) =
X
i2V
�i(�)� q1(! jp)

and similarly for q1(!0 j(p;�)). The Freidlin and Wentzell Theorem directly implies conti-

nuity of �. Consider the set �(q;q0) of limit weights, which constitutes the intersection of

a hyperplane in Rv with the relative interior of the unit simplex in Rv

�(q;q0) =

(
� 2 ri(�(v)) :

X
i2V
�i � q1i (! jp) =

X
i2V
�i � q1i (!0 jp)

)
:

In order to prove the lemma I need to show that the preimage of �(q;q0) under � has

measure zero in the weight space �;

��
�
��1(�(q;q0))

�
= 0:

36



To establish a contradiction, suppose that

��
�
��1(�(q;q0))

�
> 0:

As � is continuous and�(q;q0) equals the intersection of a hyperplane in Rv with the relative
interior of the unit simplex in Rv, the result of Lemma 1 holds and there exists an open ball
Br(�) with radius r in � such that �(�0) 2 �(q;q0) for every �0 2 Br(�). But Lemma
2 then establishes a contradiction with the assumption that the two announcement vector

are not equal q1(! jp) 6= q1(!0 jp). Therefore the measure of weight states that lead to the
same limit belief for two di¤erent �rst period announcement vectors is zero. As the join of

partitions is �nite there are only �nitely many distinct pairs of �rst period announcement

vectors. Therefore the limit partition of all agents generically coincides with the partition

P1(: jp)�

Non-Bayesian Announcements in Mixed Communication Struc-
tures

Let T denote a v� v row stochastic matrix derived from the weight state � and network
G such that

Tkl =

8><>:
1 if k = l 2 B

�kl if k 2 :B, l 2 Nk
0 otherwise

:

The announcement of agent i 2 B in period t � 1 is given by the posterior probability of

event C conditioning on his information, while the announcement of a non-Bayesian agent

j in period t � 2 is given by

qtj(! j(p;�)) =
�
T� qt�1(! j(p;�))

�
j
.

The fact that the �rst period announcement of all agents is based upon Bayesian updating

together with the recursive nature of the announcements of the non-Bayesian agents implies

that the announcement of each non-Bayesian agent in period t is a weighted average of only

Bayesian announcements. Note that by Bayesian announcements I do not refer only to the

announcements of Bayesian agents but announcements that are based on Bayesian updating,

i.e. announcements of Bayesian agents and the �rst period announcements of all agents. The

dimension of the vector of Bayesian announcements a non-Bayesian agent j averages over in

period t, and the corresponding weights are determined by T. For a non-Bayesian agent j,

let f tj be the function that assigns the corresponding weights to the Bayesian announcements
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agent j averages over in period t. To be more precise, consider a non-Bayesian agent j and

the network G� = (V;E�) which is a subgraph of G. The only di¤erence between the two

networks is that the outgoing edges of the Bayesian agents are removed in G�,

E� = E r fik : i 2 B; k 2 V g.

Let Yt
j(! j(p;�) ) be the set of announcements that have a strictly positive weight assigned

to by f tj . This set has to be de�ned recursively. We have

Y1
j (! j(p;�) ) =

�
q1i (! j(p;�)) : dG�(j; i) = 0

	
:

For Yt
j(! j(p;�) ) we have

Yt
j(! j(p;�) ) = Yt�1

j (! j(p;�) ) [ Ztj(! j(p;�) )

where the announcements in Ztj(! j(p;�) ) are those that are �rst averaged in period t and
consists of (i) the �rst period announcements of agents whose distance from j is exactly

t � 1, and (ii) one announcement of each Bayesian agent whose distance from j is smaller

than t� 1,

Ztj(! j(p;�) ) =
�
q1i (! j(p;�)) : dG�(j; i) = t� 1; i 2 V

	
[
t�1[
m=2

fqmi (! j(p;�)) : dG�(j; i) = t�m; i 2 Bg .

Denote the set of agents with a corresponding announcement inZtj(! j(p;�) ) andYt
j(! j(p;�) )

as VZtj respectively VYt
j
and denote the vector of announcements inYt

j(! j(p;�) ) and Ztj(! j(p;�) )
as qYt

j
and qZtj respectively. In each period t agent j has a corresponding weight function

f tj : �!ri
�
�
���Yt

j

����
assigning a strictly positive weight to each announcement in Yt

j(! j(p;�) ). Note that f tj is
a polynomial function and hence continuous. The announcement of agent j in period t is

weighted average of qYt
j
,

qtj(! j(p;�)) =
jYt

jjX
l=1

�
f tj (�)

�
l
�
h
qYt

j
(! j(p;�))

i
l
:
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Further note that for a non-Bayesian agent j,

qtj(! j(p;�)) =
�
T� qt�1(! j(p;�))

�
j

implies the following weight assigned to a in period t newly accounted for announcementh
qYt

j
(! j(p;�))

i
l
= qnk 2 Ztj(! j(p;�) );

for some agent k 2 VYt
j
and time period n � t,�

f tj (�)
�
l
=
�
TdG� (j;k)

�
jk
:

Lemma 8 Consider two announcement vectors qYt
j
;q0

Yt
j
2 [0; 1]jYt

jj such that qYt�1
j

=

q0
Yt�1
j

, qZtj 6= q
0
Ztj
:

jYt
jjX

l=1

�
f tj (�)

�
l
�
h
qYt

j

i
l
=

jYt
jjX

l=1

�
f tj (�)

�
l
�
h
q0Yt

j

i
l
:

implies that for each open ball Br (�) around � in � there exists �̂ 2Br (�) such that

jYt
jjX

l=1

h
f tj

�
�̂
�i

l
�
h
qYt

j

i
l
6=
jYt

jjX
l=1

h
f tj

�
�̂
�i

l
�
h
q0Yt

j

i
l
:

Proof. Note that qYt�1
j
= q0

Yt�1
j

implies that the average of qYt
j
and q0

Yt
j
is the same if and

only if the weighted sum of elements of qZtj = q
0
Ztj
are the same. Hence we have

jYt
jjX

l=1

h
f tj

�
�̂
�i

l
�
h
qYt

j

i
l
=

jYt
jjX

l=1

h
f tj

�
�̂
�i

l
�
h
q0Yt

j

i
l
:

if and only if
jZtjjX
l=1

h
f tj

�
�̂
�i

l
�
h
qZtj

i
l
=

jZtjjX
l=1

h
f tj

�
�̂
�i

l
�
h
q0Ztj

i
l
:

Let k1 2 VZtj be an agent with a newcoming announcement in period t. Let
h
qZtj

i
l1
denote

the newcoming announcement of agent k1,
h
qZtj

i
l1
= qnk1 for some time period n � t. Denote

a shortest path from j to k1 in G� as �jk1. Denote by �jk1 the set of such shortest paths.
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Denote by P (�jk1 j� ) the product of weights along the path in the transition matrix T�,

P (�jk1 j� ) =
Y

kl2�jk1

[T�]kl .

Hence �
f tj (�)

�
l1
=
�
TdG� (j;k1)

�
jk1

implies �
f tj (�)

�
l1
=

X
�jk12�jk1

P (�jk1 j� ):

Suppose that
h
q0
Ztj

i
l1
6=
h
qZtj

i
l1
. Further let k2 be a non-Bayesian agent who lies on the

shortest path from j to k1 in network G� and who neighbors k1, k1 2 Nk2 .25 Consider a

weight state �̂ 2 Br (�) that di¤ers from � only in the weights agent k2 assigns to k1 and

himself,

�̂
k2

k1
= �k2k1 + "

�̂
k2

k2
= �k2k2 � ":

Consider the announcement
h
qZtj

i
l1
of agent k1 and a distinct announcement

h
qZtj

i
l0
made

by agent k0 6= k1. Note that the shortest path from j to k0 cannot pass through agent k1.

This is because if k1 is Bayesian then k1 has no outgoing edge in G� and if k1 is non-Bayesian

then he lies at distance t� 1 from j hence at the maximal distance from j in period t. The

above implies �
f tj (�)

�
l1
6=
h
f tj

�
�̂
�i

l1

and �
f tj (�)

�
l0
=
h
f tj

�
�̂
�i

l0

for all l0 such that
h
qZtj

i
l0
6=
h
qZtj

i
l1
. But

h
q0
Ztj

i
l1
6=
h
qZtj

i
l1
and the above then imply

jZtjjX
l=1

h
f tj

�
�̂
�i

l
�
h
qZtj

i
l
6=
jZtjjX
l=1

h
f tj

�
�̂
�i

l
�
h
q0Ztj

i
l

25Note that such k2 always exists. If the shortest path from j to k1 equals one we set k2 equal to j.
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and hence
jYt

jjX
l=1

h
f tj

�
�̂
�i

l
�
h
qYt

j

i
l
6=
jYt

jjX
l=1

h
f tj

�
�̂
�i

l
�
h
q0Yt

j

i
l
:

�

Proof of Lemma 4

Proof. We prove the statement by establishing that the complement FC of F has measure

zero. The complement of F is given by

FC =
n
(p;�) : p 2�;� 2

�
�k
p

�Co [ n(p;�) : p 2 (��)C ;� 2 �k
o

= FC1 [ FC2 :

In order to establish ����k(FC) = 0 we apply Fubini�s Theorem to the sets FC1 and F
C
2 .

Note that both sets FC1 and F
C
2 are elements of the product �-algebra F���k . Moreover,

both �� and ��k are �-�nite. Consider a �-section
�
FC1
�
p0
of FC1�

FC1
�
p0
=
�
� 2 �k : (p0;�) 2 FC1

	
=
�
�k
p

�C
:

Since ��k

��
�k
p0

�C�
= 0 for all p0, every �-section of FC1 has measure zero implying by

Fubini�s Theorem that the product measure of FC1 is equal to zero. Next consider a �-

section
�
FC2
�
p0
of FC2

�
FC2
�
p0
=
�
� 2 �k : (p0;�) 2 FC2

	
=

(
�k if p0 2 (��)C

; otherwise
:

As ��k(;) = 0 and ��(��) = ��(�) almost every �-section of FC2 has measure zero

implying by Fubini�s Theorem that the product measure of FC2 is equal to zero�

Proof of Lemma 5

Proof. Lemma 5 is stated and proven in the proof of Theorem 4 in Mueller-Frank[18].

Proof of Theorem 2

Proof. We need to show that if for each p 2�� there exists a full measure set �t
p such that

qti(! j(p;�)) = q�i;t(! jp) holds for every i 2 B , ! 2 
 and � 2 �t
p, then for each p 2�� there

exists a full measure set �t+1
p such that P t+1i (: j(p;�)) � P�i;t+1(: jp) holds for every i 2 B
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and � 2 �t+1
p .

Consider a prior p 2 ��, a weight state � 2 �t
p and fundamental states !; !

0 such that

!0 2 P ti (! j(p;�)) and !0 =2 P�i;t+1(! jp).

Step 1.) !0 2 P ti (! j(p;�)) implies qti(! j(p;�)) = qti(!0 j(p;�)). The induction hypoth-
esis implies

qti(! j(p;�)) =
p
�
C \ PPLi;t (!)

�
p
�
PPLi;t (!)

� .

By the de�nition of P�i;t+1 for !0 =2 P�i;t+1(! jp) we have

p
�
C \ PPLi;t+1(!)

�
p
�
PPLi;t+1(!)

� 6=
p
�
C \ PPLi;t+1(!0)

�
p
�
PPLi;t+1(!0)

� .

!0 2 P ti (! j(p;�)) then implies P ti (! j(p;�)) 2 I. PPLi;t � P ti , p 2 �� and the injectivity of

�p on I imply
P ti (! j(p;�)) = PPLi;t (!) .

Step 2.) For !0 2 P ti (! j(p;�)) the following holds: !0 =2 P t+1i (! j(p;�)) if and only if
there exists a neighbor i1 of i such that qti1(! j(p;�)) 6= qti1(!0 j(p;�)).

Step 3.) !0 =2 P�i;t+1(! jp) implies PPLi;t+1(!) 6= PPLi;t+1(!0). Step 1 and !0 2 P ti (! j(p;�))
then imply that there exists an agent it with dG(i; it) = t such that !0 =2 Pit (!). Note that
PPLi;t+1 satis�es

PPLi;t+1 = PPLi;t _
_

l:dG(i;l)=t

Pl:

Suppose that

q1it(! j(p;�)) = q
1
it(!

0 j(p;�))

for all agents it with dG(i; it) = t. By Lemma 5 and p 2�� it then follows that for each it

Pit(!) [ Pit(!0) � C

or

Pit(!) [ Pit(!0) � CC

which implies _
l:dG(i;l)=t

Pl(!) [
_

l:dG(i;l)=t

Pl(!0) � C
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or _
l:dG(i;l)=t

Pl(!) [
_

l:dG(i;l)=t

Pl(!0) � CC .

But then we have PPLi;t+1(!) [ PPLi;t+1(!0) � C respectively PPLi;t+1(!) [ PPLi;t+1(!0) � C contra-
dicting q�i;t+1(! jp) 6= q�i;t+1(!

0 jp). Therefore !0 =2 P�i;t+1(! jp) implies that there exists an
agent it with dG(i; it) = t such that !0 =2 Pit (!) and q1it(! j(p;�)) 6= q1it(!0 j(p;�)).

Step 4.) Consider a neighbor i1 of i that lies on a shortest path to it, i.e. dG(i1; it) =
t � 1. If we can show that qti1(! j(p;�)) 6= qti1(!

0 j(p;�)) holds, by step 2 we have !0 =2
P t+1i (! j(p;�)). Note that for two partitions P,Q if !0 =2 P(!) implies !0 =2 Q(!) for all pairs
!; !0 such that !0 =2 P(!) then Q � P. Therefore !0 =2 P t+1i (! j(p;�)) for all !; !0 such that
!0 =2 P�i;t+1(! jp) implies

P t+1i (: j(p;�)) � P�i;t+1(: jp)

concluding the proof. Two cases have to be distinguished: i1 being Bayesian and i1 being

non-Bayesian.

Suppose �rst that i1 is Bayesian. Step 3 establishes !0 =2 Pit (!) which implies PPLi1;t(!) 6=
PPLi1;t(!0). Suppose that qti1(! j(p;�)) = qti1(!

0 j(p;�)). By the induction hypothesis this is
equivalent to

p
�
C \ PPLi1;t(!)

�
p
�
PPLi1;t(!)

� =
p
�
C \ PPLi1;t(!0)

�
p
�
PPLi1;t(!0)

� :

p 2��, injectivity of �p on I and PPLi1;t(!) 6= PPLi1;t(!0) imply

PPLi1;t(!) [ P
PL
i1;t
(!0) � C

or

PPLi1;t(!) [ P
PL
i1;t
(!0) � CC :

Note that i1 2 Ni implies that PPLi;t+1 � PPLi1;t which in turn implies

q�i;t+1(! jp) = q�i;t+1(!0 jp)

contradicting !0 =2 P�i;t+1(! jp). Therefore for a Bayesian neighbor i1 we have

qti1(! j(p;�)) 6= q
t
i1
(!0 j(p;�)):
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Next consider the case where i1 is non-Bayesian. We need to establish that

q1it(! j(p;�)) 6= q
1
it(!

0 j(p;�))

for it with dG(i1; it) = t � 1 implies qti1(! j(p;�)) 6= qti1(!0 j(p;�)) for all � in a full measure
set

�t+1
p

�
(q�Yt

i1

(! jp);q�Yt
i1

(!0 jp)
�
\�t

p:

Common knowledge of � and the induction hypothesis imply that i knows the Bayesian

announcement vector qYt�1
i1

(! j(p;�)) his neighbor i1 averaged over in period t � 1. Note
that common knowledge of � implies that (i) the set of possible Bayesian announcement

vectors
n
qYt

j
(! j(p;�))

o
!2


every non-Bayesian agent j averages over in period t, and (ii)

the corresponding weight functions ff tj (�)gj2:B, are commonly known among all Bayesian
agents. The proof follows seven steps. Consider a prior p 2�� and weight state � 2 �t

p.

1. By the induction hypothesis we have for all � 2 �t
p

qYt
i1
(! j(p;�)) = q�Yt

i1

(! jp)

2. !0 2 P ti (! j(p;�)) implies

q�
Yt�1
i1

(! jp) = q�
Yt�1
i1

(!0 jp).

3. Suppose that there exists a shortest path from i1 to it such that all agents (but it) on

the path are non-Bayesian. q1it(! j(p;�)) 6= q1it(!0 j(p;�)) then immediately implies

q�Yt
i1

(! jp) 6= q�Yt
i1

(!0 jp).

Suppose on the other hand that there exists no such exclusively non-Bayesian shortest

path from i1 to it. This implies that there exists a Bayesian agent ik on the path

between i1 and it. Let dkt denote the distance from ik to it. The newcoming announce-

ment of ik in q�Yt
i1

satis�es

h
q�Yt

i1

(! jp)
i
ik
=
p
�
C \ PPLik;dkt+1 (!)

�
p
�
PPLik;dkt+1 (!)

� :

q1it(! j(p;�)) 6= q1it(!
0 j(p;�)) implies !0 =2 PPLik;dkt+1 (!). Suppose

h
q�
Yt
i1

(! jp)
i
ik

=
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h
q�
Yt
i1

(!0 jp)
i
ik

. The injectivity of �p on I for p 2�� then implies

PPLik;dkt+1 (!) [ P
PL
ik;dkt+1

(!0) � C

or

PPLik;dkt+1 (!) [ P
PL
ik;dkt+1

(!0) � CC :

But PPLi;t+1 � PPLik;dkt+1 then implies q
�
i;t+1(! jp) = q�i;t+1(!0 jp) contradicting !0 =2 P�i;t+1(! jp).

Therefore we have

q�Yt
i1

(! jp) 6= q�Yt
i1

(!0 jp).

4. The announcement of agent i1 in period t is given by

qtj(! j(p;�) ) =
jYt

i1
jX

l=1

�
f ti1 (�)

�
l
�
h
q�Yt

i1

(! jp)
i
l
.

5. Let �t+1
p

�
q�
Yt
i1

(! jp);q�
Yt
i1

(!0 jp)
�
denote the set of weight states such that

jYt
i1
jX

l=1

�
f ti1 (�)

�
l
�
h
q�Yt

i1

(! jp)
i
l
6=
jYt

jjX
l=1

�
f ti1 (�)

�
l
�
h
q�Yt

i1

(!0 jp)
i
l

holds. The set �t+1
p

�
q�
Yt
i1

(! jp);q�
Yt
i1

(!0 jp)
�
has full measure in � if its complement

has measure zero. Consider the following hyperplane H(q�Yt
i1

;q�0
Yt
i1

) in RjY
t
i1
j

H(q�Yt
i1

;q�0Yt
i1

) =

8><>:� 2RjYt
i1
j :
jYt

i1
jX

l=1

�l �
�h
q�Yt

i1

(! jp)
i
l
�
h
q�Yt

i1

(!0 jp)
i
l

�
= 0

9>=>;
and its intersection with ri

�
�
���Yt

i1

����, the relative interior of the unit simplex inRjYt
i1
j.

Note that the set of weights
�
�t+1
p

�
q�
Yt
i1

(! jp);q�
Yt
i1

(!0 jp)
��C

that yield the same

announcement of i1 in period t equals the preimage of the intersection of H(q
�
Yt
i1

;q�0
Yt
i1

)

and ri
�
�
���Yt

i1

����,
f t

�1

i1

�
H(q�Yt

i1

;q�0Yt
i1

) \ ri
�
�
���Yt

i1

����� = ��t+1
p

�
(q�Yt

i1

(! jp);q�Yt
i1

(!0 jp)
��C

:

45



6. Suppose that the intersection is not empty. As f ti1 is a polynomial function, it is

continuous. Hence we can apply Lemma 1 which establishes that if there exists no

open ball Br(�) in � such that for all �0 2 Br(�) we have

f ti1 (�
0) 2 H(q�Yt

i1

;q�0Yt
i1

) \ ri
�
�
���Yt

i1

����
then

��

�
f t

�1

i1

�
H(q�Yt

i1

;q�0Yt
i1

) \ ri
�
�
���Yt

i1

������ = ����t+1
p

�
(q�Yt

i1

(! jp);q�Yt
i1

(!0 jp)
�C�

= 0:

By steps 2 and 3 we have

q�
Yt�1
i1

(! jp) = q�
Yt�1
i1

(!0 jp)

and

q�Zti1
(! jp) 6= q�Zti1 (!

0 jp):

therefore we can apply Lemma 8 which establishes that there exists no such open ball.

This implies that �t+1
p

�
q�
Yt
i1

(! jp);q�
Yt
i1

(!0 jp)
�
has full measure in �.

7. Consider the following set

�t+1
p = �t

p \
\

j2:B: Nj\B 6=;

\
�
qYt

j
(!);qYt

j
(!0)

�
:!2
; !0 =2Ptj(!)

�t+1
p (q�Yt

j
(! jp);q�Yt

j
(!0 jp)):

As the join of partitions of all agents is �nite, there exist �nitely many distinct pairs

q�
Yt
j
(! jp), q�

Yt
j
(!0 jp). By step 6 each of the �t+1

p (q�
Yt
j
(! jp);q�

Yt
j
(!0 jp)) has full mea-

sure. By the induction hypothesis �t
p has full measure. As the intersection of �nitely

many full measure sets has full measure �t+1
p is a full measure set�
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Proof of Lemma 6

Proof. Consider a newcoming announcement in period t,
h
qYt

j

i
l�
with its corresponding

agent i�. Note that i� might be Bayesian or non-Bayesian. Let dji� denote the distance from

j to i� in G� and consider a non-Bayesian agent j� which neighbors i� and whose distance

from j in G� equals dji� � 1. The agent j� hence lies on a shortest path from j to i�. Note

that such an agent always exists (by de�nition of G� and qYt
j
). Consider the following weight

state �(�) 2 Br (�) that di¤ers from � only in the weights agent j� assigns to i� and himself,

[�(�)]j
�

i� = �j
�

i� + �

[�(�)]j
�

j� = �j
�

j� � �:

By assumption we have

qtj =

jYt
jjX

l=1

�
f tj (�)

�
l
�
h
qYt

j

i
l
= c:

If we can show that

qtj(�) =

jYt
jjX

l=1

�
f tj (� (�))

�
l
�
h
qYt

j

i
l
6= c

for some small �, then we have established the claim as �(�) 2 Br (�). The recursive formu-
lation of the announcement of the non-Bayesian agent j

qtj(! j� ) =
�
T� qt(! j� )

�
j

implies that qtj(�) is a polynomial function in �. All we need to show is that some coe¢ cient

of �k, k � 1, is unequal to zero. If this is the case then we have qtj(�) 6= c for some � 2 (0; �0]
as a polynomial function cannot be constant on [0; �0]. The maximal power in qtj(�) is equal

to t� dji�. We have

qtj(�) = �
t�dji�

�
K(�)

�
(�1)t�dji� q1j� + (�1)

t�dji��1 q1i�
��
+ :::

where K(�) depends on the weight state � and is strictly greater than zero 0 as �kl > 0 for

all k 2 :B, l 2 Nk. The assumption that for any non-Bayesian agent j and any neighbor
i of j we have Pi(!) 6= Pj(!) for all ! 2 
 together with the injectivity of �p imply that
q1j� 6= q1i� which in turn implies�

K(�)
�
(�1)t�djB1 q1j� + (�1)

t�djB1�1 q1i�
��
> 0.
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Therefore qtj(�) is a polynomial function of degree t � dji� which cannot be constant on an
interval [0; �0]�

Proof of Lemma 7

Proof. Consider the measure spaces �1 and ��1,

��1 =
Y

j2:Brf1g

�j

endowed with the measures ��1 and ���1. Note that the product of the two measures

spaces equals the weight space �. Consider the boundary of an open ball Br(�) in � and

for �̂
�1 2 ��1 de�ne a �̂

�1
-section @Br(�)�̂�1 as follows:

@Br(�)�̂�1 =
n
��
1 2 �1 :

�
��
1
; �̂

�1� 2 @Br(�)o
One version of Fubini�s Theorem implies that the boundary of Br(�) has measure zero (in

�) if and only if almost every �̂
�1
-section has measure zero in �1.26 Consider a non-empty

�̂
�1
-section,

@Br(�)�̂�1 =

8>>>><>>>>:
��
1 2 �1 :

1

2

s X
i2N1\f1g

(��
1
i � �1i )2

1 +

s X
i2N1\f1g

(��
1
i � �1i )2

+
1

4

d��1(�̂
�1
;��1)

1 + d��1(�̂
�1
;��1)

= r

9>>>>=>>>>; :

Note that for the �̂
�1
-section the term

1

4

d��1(�̂
�1
;��1)

1 + d��1(�̂
�1
;��1)

is constant. But then simply equivalent transformations show that the �̂
�1
-section of the

boundary of an open set in � equals the boundary of an open ball in �1 which corresponds

to the boundary of an open ball in RjN1j and hence has measure zero in �1.27 Therefore

every �̂
�1
-section has measure zero in �1 implying by Fubini�s Theorem that the boundary

of an open ball in � has measure zero [��]�

26See Theorem A in Halmos[13], page 147.
27This follows from the fact that open balls in the Euclidean space are Jordan measurable and hence their

boundary has Lebesgue measure zero.
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Proof of Theorem 4

Proof. Consider g 2 St;jg;p. The proof that the preimage of 0 under g has measure zero in �N

is established in �ve steps.

1. Suppose that 0 2 (x�; x+). Otherwise the preimage of zero equals the empty set and
hence the statement is trivially satis�ed.

2. Suppose that g is such that � = �. Then the induction hypothesis and Theorem 2

implies that for each p 2�� there exists a full measure set equalling

�N
p;t \

�
�t+1
p

�N
such that g(��) 6= 0 for all �� 2 �N

p;t \
�
�t+1
p

�N
.

3. Note that �N is a metric space endowed with the usual product metric,

d�N (��; ��
0
) =

NX
i=1

1

2i
d�(�(i);�

0(i))

1 + d�(�(i);�
0(i))

where d�(�(i);�
0(i)) is the metric in �. Consider the following open sets in the

codomain, (��; 0),(0; �) and (��; �). As g is continuous and surjective, the preimage of
each of these sets is an open ball in �N . The preimage of the open interval (��; �) can
be partitioned into the preimages of (��; 0); f0g; and (0; �). As the preimage of (��; �)
is open in �N , for each �� 2 g�1(0) there exists a radius �r�� such that for all open

balls Br(��) in �N with r < �r�� we have ��
0 2 Br(��) implies that ��0 lies in g�1(0);

g�1((��; 0)) or g�1((0; �)). Therefore each �� 2 g�1(0) is either an interior point of
g�1(0) or a boundary point of g�1((��; 0)) or g�1((0; �)) (or both).

4. Suppose that �� is an interior point of g�1(0). This implies that there exists an open

ball Br(��) around �� in �N such that all its elements lie in g�1(0), i.e. ��0 2 Br(��)
implies ��0 2 g�1(0). Due to step 2 we only need to consider the following two cases
for g: (I) � 6= �,

g(��) =f tj
�
���

�
� q�Yt

j
� f tj

�
���

�
� q�Yt

j
,

and (II) � 6= � and q�
Yt
j
6= q�0

Yt
j
,

g(��) =f tj
�
���

�
� q�Yt

j
� f tj

�
���

�
� q�0Yt

j
.
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Consider ��0 2 Br(��) such that ��0
l =

��l for all l but �. This implies that the second

term remains constant in both case (I) and (II). Hence if we can show that for each

open ball around ��� in � where

jYt
jjX

l=1

�
f tj
�
���

��
l
�
h
q�Yt

j

i
l
= c,

there exists a ��0
� 2 Br

�
���

�
such that

jYt
jjX

l=1

�
f tj
�
��0
�

��
l
�
h
q�Yt

j

i
l
6= c,

then there exists an open ball around �� in �N such that g(��) 6=g(��0) for some ��0 2
Br(��) contradicting the fact that �� is an interior point of g�1(0). Note that property

II and the injectivity of �p on 2

_
i2V

Pi
(due to property I) imply that q1j (! jp) 6= q1k (! jp)

for all j 2 :B and k 2 Nj. Lemma 6 establishes this exact statement which implies
that each �� 2g�1(0) is a boundary point of g�1((��; 0)) or g�1((0; �)) (or both).

5. The above implies that the preimage of 0 under g is a subset of the union of the

boundary of two open balls in �N . If we can show that the boundary of an open ball

in �N has ��N measure zero we close the circle and the statement of the theorem is

established. This can be shown by using the exact same structure as in the proof of

Lemma 7, Lemma 7 and Fubini�s Theorem. Consider the following measure spaces

�N�1 and � endowed with the measures ��N�1 and ��. Note that the product of the

two measures spaces equals the space of sets �N of commonly known weight states.

Consider the boundary of an open ball Br(��) in �N and for �̂N�1 2 �N�1 de�ne a

�̂N�1-section @Br(��)�̂N�1
as follows:

@Br(��)�̂N�1
=
n
~� 2 � :

�
~�; �̂N�1

�
2 @Br(��)

o
:

By Fubini�s Theorem the boundary of Br(��) has measure zero in �N if and only

if almost every �̂N�1-section has measure zero in �. Consider a non-empty �̂N�1-

section,

@Br(��)�̂N�1
=

(
~� 2 � :

1

2

d�(~�; ��)

1 + d�(~�; ��)
+
1

4

d�N�1(�̂N�1; ��N�1)

1 + d�N�1(�̂N�1; ��N�1)
= r

)
:
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Note that for the �̂N�1-section the term

1

4

d�N�1(�̂N�1; ��N�1)

1 + d�N�1(�̂N�1; ��N�1)

is constant. But then simple equivalent transformations show that the �̂N�1-section

of the boundary of an open set in �N equals the boundary of an open ball in � which

has measure zero [��] by Lemma 7. Therefore every �̂N�1-section has measure zero in

� implying by Fubini�s Theorem that the boundary of an open ball in�N has measure

zero [��N ]�

Appendix B

Construction of the Lebesgue Measure on Unit-Simplex

The set�j is the relative interior of the unit simplex in RjNj j+1; an open, convex subset of
an a¢ ne hyperplane in RjNj j+1 with dimension jNjj. Hence its Lebesgue measure in RjNj j+1

is equal to zero. I construct a measure on �j in the following steps. Consider a rotation

r : �j ! RjNj j+1 such that for all �;�0 2 �j

[r(�)]j = [r(�
0)]j :

Next project each r(�), � 2 �j, on RjNj j,

projNj : r(�j)! RjNj j:

Let �jNj j be the Lebesgue measure in R
jNj j and denote by LjNj j+1 the �-algebra of Lebesgue

measurable sets in RjNj j+1. De�ne the �-algebra of subsets of �j, LjNj j+1(�j), as the set of

all Lebesgue measurable subsets of �j,

LjNj j+1(�j) =
�
S \�j : S 2 LjNj j+1

	
:

For the measurable space (�j;LjNj j+1(�j)) de�ne the "Lebesgue" measure �j on �j as

�j(S \�j) = �jNj j

�
projNjr(S)

�
for S 2 LjNj j+1.
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The Space of Common Priors and the �-Algebra F

Let the partitions of all agents be �nite and consider the following partition of the state

space

P =
(
P \ C : P 2

_
i2V
Pi

)
[
(
P \ CC : P 2

_
i2V
Pi

)

where CC denotes the complement of C. The partition P further re�nes the join
_
i2V
Pi of

partitions of all agents, by partitioning each cell of the join into states that lie in event C

and states that do not. The �-algebra F is generated by P. Let k denote the cardinality of
the partition P. Note that for any information setting

((
;F) ; C; fPigi2V ; G)

and communication structure � �xing the probabilities of the cells of partition P determines
the posterior announcement process and the asymptotic consensus probabilities. The relative

interior of the unit simplex�(k) in Rk, ri�(k), endowed with a uniform probability measure
��, describes the set of all probability measures to be considered. Abusing notation the

relative interior of the unit simplex is denoted as � and equals the set of all possible priors

on the fundamental state space.

Freidlin and Wentzell Theorem

Consider a transition matrix T� and its corresponding stationary distribution � (�). An

i-tree, Si = (V;ESi) of T� is a directed subgraph of G with n� 1 edges such that from every
node j di¤erent from i there exists a unique directed path from j to i. Let Si denote the set
of i-trees. Let the likelihood P of an i-tree be de�ned as the product of weights �ij; where j

is i�s neighbor in Si,

P (Si) =
Y
ij2ESi

[T�]ij :

A result by Freidlin and Wentzell establishes the following relation between the stationary

distribution and the i-trees of a transition matrix T�:

Theorem 5 (Freidlin and Wentzell) The stationary distribution �(�) has the property
that the weight of each agent i is proportional to the sum of likelihoods of its i-trees,

�i(�) =
g�(i)P

i2N
g�(i)

;
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where g�(i) =
P
Si2Si

P (Si):

Fubini�s Theorem

The following is taken from chapter 7 in Halmos[13]. Consider the measure spaces

(X;FX ; �X _), (Y;FY ; �Y _) and the corresponding product measure space (X�Y;FX�Y ; �X�Y _).
For E � X � Y and x 2 X denote the set Ex

Ex = fy 2 Y : (x; y) 2 Eg

as the X-section of E.

Theorem 6 (Fubini) E 2 FX�Y has measure zero if and only if almost every X-section
has measure zero.

Example: Non-Bayesian Communication

There are two agents, 1 and 2, that are mutual neighbors of each other. Let the set 


of all states of the world be represented by the rectangle in �gure 1 and suppose that the

agents share a uniform common prior probability distribution over the rectangle.

Figure 1: State space 
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The initial private information of agents is represented via partitions of the state space.

Agent 1 learns whether the true state of the world lies in the �rst row or in the second row,

P1 = fJ1 [ J2; J3 [ J4g:

Agent 2 learns whether the true state of the world lies in the �rst column or in the second

column,

P2 = fJ1 [ J3; J2 [ J4g:

Suppose that event C represented by the dark area is of interest to both agents, i.e. the

agents communicate their posterior belief of event C in the �rst round of communication.

In the �rst round agent 1 will announce a posterior probability of 1
2
if he observes the

�rst row or a posterior of 1
4
if he observes the second row. Agent 2 announces a �rst round

posterior of 1
2
if he observes the �rst column and a posterior of 1

4
otherwise. Hence both

agents perfectly reveal their private information through their �rst round announcement.

As shown in section 4 the limit belief of both agents equals a weighted average of the �rst

period announcement with the weights stemming from the stationary distribution �(T�) of

the transition matrix T� derived from the weight state. Depending on the realized state the

following holds for the limit consensus belief of the non-Bayesian agents,

q11 (! j� ) = q12 (! j� ) =

8>>><>>>:
1
2
if ! 2 J1

1
2
[�(T�)]1 +

1
4
(1� [�(T�)]1) if ! 2 J2

1
4
[�(T�)]1 +

1
2
(1� [�(T�)]1) if ! 2 J3

1
4
if ! 2 J4

:

Depending on the realized weight state, the limit partitions P1i (: j� ) are given by

P1i (: j� ) =
(
fJ1; J2 [ J3; J4g if �11 = �12 = �21 = �22 = 1

2

fJ1; J2; J3; J4g otherwise
:

Bayesian equivalence requires that, in every state !, the limit belief q1i (! j� ) equals the
posterior probability of event C conditioning on the realized cell of P1i (: j� ). For every �
we have

p(P1i (! j� ) \ C)
p(P1i (! j� ))

=

8><>:
1 if ! 2 J1

0 if ! 2 J2 [ J3
1
2
if ! 2 J4

:
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Since for every ! and � the limit belief is bounded away from the Bayesian posterior condi-

tioning on P1i (: j� ) by at least 14 , Bayesian equivalence fails for every non-Bayesian commu-
nication structure �.

Communication and Choice

Suppose now that in each round of interaction individuals do not only communicate their

opinion but choose an action as well. Let Ati denote the set of actions of agent i in period t.

I assume that the set of actions does not vary with time nor across agents, i.e. Ati = A for all

i 2 V and t 2 N. All agents share a common stage utility function u : A�
! R, implying
that there are no payo¤ externalities. I assume a close relation between the utilities and the

uncertain event C, whose likelihood is the object of communication. In particular, I assume

that for utilities it only matters whether a state ! lies in C or in its complement CC . For

all a 2 A we have

u(a; !) =

(
uCa if ! 2 C
uC

C

a if ! 2 CC
.

In every period t each agent i (i) announces his (subjective) posterior probability of event

C, qti(! j(p;�)) and (ii) selects the action that maximizes his expected utility based on
qti(! j(p;�)). As the action choices of agents are a coarse representation of their posterior
beliefs, the sequence of opinions and actions is independent of the actions being private

or commonly observed. If the set of actions is �nite, then the above theorem implies the

following corollary result.

Corollary 1 If A is �nite, then the following result holds for all (p;�) in a full measure set
�� � ���: There exists a �nite time t� such that for all t � t� and ! 2 
 the action atj
chosen by any non-Bayesian agent j maximizes the expected utility of all Bayesian agents

conditioning on their Bayesian posterior.

Proof. By the Theorem 2, all agents reach consensus asymptotically for generic priors and

weight states. As the partitions of all agents are �nite, for a �xed prior p, there exists a

�nite number q� of such consensus opinions. For each action a the corresponding expected

utility is a function fa : [0; 1]! R linear in the probability q of event C,

fa(q) = qu
C
a + (1� q)uC

c

a :

For a given probability q� consider the set of expected utility maximizing actions A�q� with

typical element aq�. I establish that there exists a positive @q� 2 R such that for a q0 within
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@q� distance of q� the expected utility maximizing action is an element of A�q�. Consider the

second best action given probability q�,

a2q� = argmin
a2ArA�

q�

faq� (q
�)� fa(q�):

Denote by �q� the di¤erence in expected utility between the best and second best action,

�q� = faq� (q
�)� fa2

q�
(q�):

As A is �nite we have �q� > 0. Continuity of all functions fa implies that for
�q�

2
there exists

a @aq� such that

jq� � qj < @aq� ) j fa(q�)� fa(q)j <
�q�

2
;

which then implies that for all q withinmin
a2A

@aq�, min
a2A

@aq� > 0 since A is �nite, distance of q
� the

expected utility maximizing action lies in A�q�. As there are �nitely many consensus beliefs

q�, �nitely many non-Bayesian agents and the beliefs of all non-Bayesian agents converge to

q�(! j(p;�)) in state !, there exists a t� such that for all t � t� we have

��qtj(! j(p;�))� q�(! j(p;�))�� < min
q�

�
min
a2A

@aq�

�
:

Hence all actions chosen by non-Bayesian agents from t� onward lie in the set of actions that

maximize the expected utility of the Bayesian agents�

The corollary states that generically Bayesian and non-Bayesian agents become equivalent

in �nite time from an expected utility point of view. Despite the fact that Bayesian agents

might hold more accurate beliefs for in�nitely many rounds this translates into an advantage

from an expected utility point of view for only �nitely many periods. Within a �nite horizon

all agents either select the same action, or if di¤erent actions are chosen in�nitely often, then

all actions that are chosen past a �nite time threshold are expected utility maximizing for

the Bayesian agents conditioning on their consensus belief. The corollary states that from

an expected utility point of view Bayesian and non-Bayesian agents are equivalent within

�nite time. Di¤erences in sophistication become irrelevant within a �nite time frame as long

as the underlying social network is connected.
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