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Lecture 1: Persistent Learning Dynamics

1 Reminder of basics of learning



e Reduced form multivariate dynamic systems

vt = F(y—1, Y511, W), (1)

where 1 is a vector of endogenous variables and wy is a vector of stochastic

exogenous variables. w; follows a stationary stochastic process such as a
L . o

VAR. Learning is about evolution of y;, ¢

e \We discuss basics of learning using an example:

pt = 1+ B 1pt + w1+ ny (2)

p¢ is a scalar endogenous variables, w;_1 is a vector of exogenous observ-
able variables and n; is an unobservable random shock. Model (2) the
unique REE is

pt=a+bw_1+n,a=(1-0a)  ub=(1-a)'s



as is easily verified by applying the method of undetermined coefficients
with the functional form p; = a + blwy_1 + 7.

Econometric Learning |:
- Agents' beliefs: perceived law of motion (PLM)

Pt = a -+ b,wt—l + Tt

to make forecasts.

- Estimation of parameters: agents estimate a and b by recursive least
squares (RLS) from past data {p;, wz}f;(l)

- They forecast using the estimated model:

* /
By _1pt = ar1+by_qwp 1.

/ . .
at—1 and b,_; denote the estimated parameter values from using data up
to period t — 1.



e Econometric Learning Il:
- Given the forecasts, the economy attains a temporary equilibrium in
period t or, defining ¢, = (a¢,b}) and 2z, = (1,w,), the actual law of
motion (ALM)

pr = (p+aai_1)+ (0 +abi_1)wi_1+mn
T(pp—1)zt—1 + ¢

- RLS estimation is given by

¢ = ¢p_1+t TR Tz 1(pt — Ph_121-1) (3)
Ry Ri_1+t Y(z_12]_1 — Ry_1). (4)

Making the shift S;_1 = Ry and defining Ez¢z; = M, RLS is formally a
stochastic recursive algorithm (SRA).



1.1 Decreasing Gain Algorithms

e General form of an SRA is

et — Ht—l + /YtQ(u Qt—la Xt)a

where 0; are parameter estimates, X; is the state vector, and ~; is a
deterministic sequence of “gains.” X; follows a VAR with parameters that
may depend on 6;_1.

e The stochastic approximation approach associates an ODE with the SRA,

Z_f = h(0()), where h(0) = lim EQ(t,0,%,(0))  (5)

and X;(0) is Xy with 6;_1 held at the fixed value §;_1 = 0, and E is
the expectation of Q(t,0, X4(0)), for 0 fixed, taken over the invariant
distribution of X;.



e ODE provides a good approximation for the mean path of SRA for large ¢
and stability of ODE informs about convergence:

Result: Under suitable assumptions, if @ is a locally stable equilibrium point
of the ODE then 0 is a possible point of convergence of the SRA. If 0 is not
a locally stable equilibrium point of the ODE then 6 is not a possible point of
convergence of the SRA, i.e. 8; — 0 with probability 0.

e Notes: sense of probabilistic convergence:
a) When there is a unique solution and the ODE is globally stable, then
under the SRA 8; — 6 with probability 1 from any starting point.
b) Local convergence: Constrain 6 to a neighborhood of a locally stable
equilibrium 6 ( “projection facility”), still convergence with probability 1.
Also other versions without projection facility.



1.2 Expectational Stability (E-stability)

e For the RLS algorithm (3)-(4) with notation Ry = S;_1 the ODE (5) is

ho(@) = lim B[S™ 2 121 1(T(¢) — ¢)] = ST M(T(¢) — ¢)
t /
hs(S) = t|—|>moo Et n 1(tht — S) =M — S.
Consider

d
d—f = hy(¢) = STM(T(¢) — ¢)
ﬁ = hg(S)=M —S.
dr

Clearly lim;_— oo S = M. => Local stability of the fixed point for the
whole ODE follows from local stability under

d¢/dr = T(¢) — ¢. (6)



e The unique REE is the fixed point ¢ = T(¢) of (6). A fixed point ¢
is expectationally stable (E-stable) if it is locally asymptotically stable
under (6).

Result: The economy converges to the REE under RLS learning if and only if
the REE is E-stable.

e In the example this occurs iff o < 1.

1.3 Structural Change and Learning

e With structural change, the economy can follow a process within the set of
models considered by the agents but with time-varying parameter values.



e Agents might then use a learning rule that tracks changes better than RLS:
(i) finite windows of data (Honkapohja and Mitra 2003),
(ii) constant gain algorithms: gain parameter ~ is a small constant (Evans
and Honkapohja 1993, 2001, Sargent 1999, etc.).

2 Constant Gain Algorithms: Example

e We pick the model

pt = o+ BEpri1 + vy,

where vy is 4td with mean zero and E}p; ;1 denotes the (rational or non-
rational) expectation.



e The fundamental REE is a stochastic steady state p; = a + wv¢, where
a = (1—B)"la. Assuming that forecasts are Efpi+1 = ag, the standard
decreasing gain learning rule is

ar = a;_1 +t 1 (pr—1 — ar—1)-

The associated ODE tales the form
da

— = a+ (B8 — 1)a for which a; — a provided 8 < 1.
-

e Now replace ¢t—1 by a constant parameter . The forecasts still take the
form Efp;+1 = at, but now a; is updated using the constant-gain learning
rule

at = ar—1 +v(pt—1 — at—1), where 0 <~ < 1.



Note: this learning rule is equivalent to the traditional adaptive expecta-
tions formula. (This holds only for steady state learning.)

Since p+ = o + Bay + v+ we have

at = ay+ (1 — (1= B))at—1 + yve—1.
This is an AR(1) process which is stationary if |1 — (1 —8)] < 1 or
2>~(1—-p5)>0.

A necessary condition for stationarity is the E-stability condition 8 < 1,
and B < 1 is also sufficient for stationarity when v — 0.

The price process takes the form

pt = (1 —~(1—08))pt—1+ay+v:— (1 —vy)vp_1.



This is an ARMA(1,1) process. Assuming |1 — (1 — 8)] < 1, we have

- The (asymptotic) mean of a; is equal to the REE @ = (1 — 8) Lo
(Asymptotic unbiasedness)

- The asymptotic mean of p; is equal to the RE value a.

- For v > 0, the (asymptotic) variance of p; is higher than the RE
variance var(vy).
=> Excess volatility induced by the fixed-gain learning rule.

Remark: Fixed gain learning rules converge to rational expectations if the
model is nonstochastic.



3 Theory for Constant Gain Algorithms

e Assume ~y; = v, where 0 < v < 1 and consider SRA
On = Gn—l + 'YH(Qn—la Xn): (7)

where 0,, € R% is parameter vector and X, € R¥ denotes state variables
and there is a starting point 89 = a. Here n denotes discrete time and ¢
continuous time. 6y cannot converge to a nonstochastic point.

e Assume: the Markov process X, for fixed 6, denoted by X,Z and with
transition probability My(x, A), has a unique invariant distribution Ip.
Let

RY(6) = i cov[HY (0, XV), 17 (0, X§)], (8)

k=—00

and let R(6) denote the d x d matrix with elements R*(#).



e Also define 67, as the 8y, process (7) with gain «y, and construct a continuous-
time process 67(t). Let th = ny and define 07(t) = 0 if t), <t < t%+1'
Finally, let 6(%, a) denote the solution to the ODE df/dt = h(0) with ini-
tial condition 8(0) = a € D.

e Two types of results (see EH book, chapter 7 for formal details):
(i) As v — 0, for all ¢ in a finite time interval there is weak convergence
to a solution of a stochastic differential equation.

(i) If the ODE has a globally stable unique equilibrium 6*, consider U"Vk(t) =

7];1/2[97’6@) — 0*]. Then for any sequences 7, — 00,y — 0, the se-

quence (U7Vk(T}))k>0 converges weakly to a normal random variable with
0 mean and covariance matrix

> sB B’
C = /0 e®7R(6%)e’” ds, where B = Dgh(6™) and so

On, ~ N(0%,~C) approximately for small v and large n



4 Increasing Social Returns and Endogenous Fluc-

tuations

e Overlapping generations of identical agents with two-period lives. Con-
stant population and money stock. Agents work when they are young and
consume when old. The utility function of generation ¢ is

Ulcty1) — V()

where c;y 1 is consumption when old and ny is labor supply. U(.) is concave
and V(.) is convex.

e The budget constraints faced by generation t are

bty = My, Pt+-1Ct4+1 — Mg



my 1s nominal saving and p; the price in period t. Agents solve

max E{U(c; 1) — V(nt) subject to prricii1 = pene,

where Ef denotes the (subjective) expectations at time ¢.

e Perfect foresight steady states satisfy

U'(ngr1)nee1 — V' (ng)ng = 0
as psny = M by market clearing. With utility functions

1-o0 1+¢
e V() =2
1—o 1+¢

If o < 1, there is an interior steady state and an “autarkic” steady state.

U(c) =




e Social Increasing Returns: assume household production function

Q¢ = f(nt, Ni)ve,

where v¢ is a positive 22d random with mean one and
f(n, N) = An®{max(I*, AN/(1 + aAN))}’

with Nt = fny, where £ is the number of agents in each generation.

e Employment is given by
ng = H(G(n¢41,v641)°), where
Xt = G(ng, ve) = (F(ng, bne)v)) =7, H(X) = (aX)/(1Fe),
Under adaptive learning we write 68;_1 = G(n¢41, v¢1-1)¢ and assume

0r = 01+ v4( Xt — 0t—1).
Here v, = 1/t or 4 = =y, constant.



e Remark: (i) There can be multiple interior steady statesny, < nyy < ng.
(FIGURE). (ii) With three interior steady states, highest and lowest are E-
stable.

.

45° n

»
»

t+1

n
Low n, nHigh

OG model with increasing returns



e The “size” of the productivity shock v+ plays a key role under constant
gain learning.
Assume that the support of v; is I, = [01 U], where 57 < 1 < ¥, and
that v; has continuous positive density over [01 Tp]. Let 05, = G(np, 1),
QU — G(nU, 1) and 9H — G(nH, 1).

Proposition 1 Suppose there are 3 steady states. There exist v1 < 1 < U9 so
that for all vy, vy, satisfying U1 < v1 < 1 < U < D9, there are neighborhoods
N(0;) = (a1,a2) and N(0f) = (b1,b2), with 0 < a1 < 01, < ap <
0 < by < 0y < by, such that 6,1 € N(6) implies 6; € N(01) and
01 € N(QH) implies 64 € N(QH)



Proposition 2 Suppose there are 3 steady states. Suppose v1 < ©1 and
Ty > ©o. Then for every interval J = (01,05), 0 < 01 < 05, and for all
neighborhoods N (0p) of O and N(607) of 01 there is a positive integer T
such that if 8+ € J then, for all s > t + T, s € N(0p) with positive
probability and 05 € N(01) with positive probability.

Occasional sequences of large shocks can lead to paths which “escape” the
ODE basin of attraction of 8 to a neighborhood of 8 for a period of time.
Similarly, an occasional sequence of shocks leads can lead 6; to escape the
ODE basin of attraction of 8y and return toward 67,



v

Escape dynamics with multiple equilibria



5 Sargent’s (1999) Inflation Model

e The government estimates a misspecified model of inflation: it believes
that there is a Phillips curve between unemployment u+ and inflation yy:

ut = Bo + B1yt + €,

where €t is a white noise and uncorrelated with .
- Monetary policy sets a target inflation x+ subject to a shock:

Yt = Tt + U¢.

- The government minimizes the loss function E(u% + x%) For given

B = (Bo, B1) the foc is
zt = g(B), where g(8) = —(1 + 82) 18081



e The true relation is given by an expectational Phillips curve

ur = u* — o(yr — Tt) + v1e,

where Z; denotes expected inflation. v1; is a white noise shock uncorrelated
with vo; and the parameters satisfy u™*, ¢ > 0.

et Ev%t = a% and Ev%t = 0%. Assume RE of private agents: ; = x¢
and so

ur = u" — o(yr — o) + v1g

The T'—map is T'(8) = (u* 4+ g(B)p, —¢) and The fixed point is unique:
Bo = u*(1+¢?%), B1 = —o.

e The dynamics for E-stability can be easily illustrated using a phase-diagram
(with * =5 and ¢ = 1).
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E-stability in Sargent's model



5.1 Sargent’s model with constant gain learning

e Cho, Williams and Sargent (2002):
(i) under constant gain, the paths of 3,, tend to stay for a long period of
time in a neighborhood of 8.
(ii) The time paths occasionally deviate far from the Nash equilibrium g.

(iii) These “escape routes” appear almost always to go in the direction of
the “Ramsey” point (B8g, 81) = (u*, 0).

e We will not derive the existence and properties of the random escape
routes. They are a "rare event”, i.e. arise with draws from the tails of the
distribution of the shocks.
=> Requires theory of large deviations (see Cho, Williams and Sargent,
2002).



Simulated Time Path of Inflation, Dynamic Model, gain = 0-015
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FiGure 1
Simulated time paths of inflation for different specifications of the model



e Here is an intuition (using E-stability). Under constant gain learning

Bn = Bp—1+ ’VRr,;El'Zn((T(Bn—l) - Bn—l)/Zn + v1p)
Rn = Rp-1+ 7(27127,2 - Rn—l)a
Z”fz — ( 1, 9(Bp—1)+von ) :
where 8, = (Bon,B1,) are the time n estimates of 8 and z;, =

( 1, yn ) . Let 0, be the 6 x 1 vector 0! = (B, vec(Ry)"). The asso-
ciated ODE df/dt = h(0) is given by

he(8,R) = R™'M:(B)(T(8) - B)

hr(B,R) = M:(8)— R
Study numerically the mean dynamics E67(t) = 0(t, a) of the solution to
the ODE with initial condition 8(0) = a.[With R = R, choose 37 =
10.75,8; = —1.1 for panel a, By = 9.25,8; = —0.9 for panel b,
Bo = 9.85,87 = —1.025 for panel c and B3 = 10.15,8; = —0.975
for panel d.]
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Figure 2: Sargent’'s model E-stability dynamics



5.2 Sargent’s Model, Further Variations

e Recently, Sargent and others have examined further the puzzles concerning
the US disinflation:
(i) slowness of US Fed in instituting a low-inflation policy suggested based
on the natural-rate model (Cogley and Sargent 2005),
(ii) interaction of government beliefs and shocks (Sargent, Williams and
Zha, 2006, Primiceri 2006),
(iii) decrease in inflation volatility (Ellison and Yates 2007).

e Here are the main elements of the Cogley and Sargent (20059 analysis.



(i) True relation between unemployment and inflation surprises (natural
rate model):

wg — uy = —0(ys — ) + p(L)ug—1 + 1y,

where u; is unemployment, uy is its natural rate, y; is actual inflation, x;

is expected inflation by the public, 1; is 22d normal shock with mean 0 and
2

7"

(ii) Central bank sets x; and

variance o

Yt = xt+£t7

where &; is 22d normal shock with mean 0 and variance a%.
(iii) CB estimates a statistical approximating model

}/%:Xée—i_yt)

where Y; and X are generic variables in a regression.



(iv) Given an estimated approximating model from period t — 1, the CB

minimizes loss
— j 2 2
£=Er ), B (uiy; + Avip)-
j=0
The policy action x;; 1 affects data and the CB reestimates the approx.
model with new data.

e Assume that the CB bases decisions on model averaging of three models:
(1) Samuelson & Solow (SS) model:

vt = Yo + v1(L)ye—1 +2 (L)us + 114

This usually has a long-run trade-off between inflation and unemployment.



(2) Solow-Tobin (ST) model:
Ay = 61(L)Ay—1 + 62(L)(ut — uf) + m24-

This was a suggested version to incorporate the natural-rate concept: no
intercept and sum of weights in §1(L) is one.
(3) Lucas and Sargent (LS) model:

up — up = d1(yt — oyp—1) + P2(L)(wi—1 — ui_1) + m2s.

This model incorporates the natural rate idea plus policy ineffectiveness.

Associated with each model is a posterior probability a4, 2 = 1,2,3 and
these sum to 1.

- At each date the CB implements x;; 1 based on ¢ — 1 info.

- After new data, the CB then re-estimates each model according to Bayes'
theorem and also recalculates model weights using the marginal likelihood
of each model.



Initial
model weights are set as ajg = 0.98, apg = a3zg = 0.01. The scheme is
run from 1960 onwards.

The empirical analysis is a mixture of calibration and estimation.
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Fig. 1. Inflation and posterior model probabilities.

Lucas-Sargent model recommends zero inflation. Not followed, why?
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Explanation: zero inflation policy was very bad in the other

models.
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For optimal policy, the lines show forecasts from the specified date.



6 Final Comments

e Constant gain learning is a popular vehicle in applied work:
(i) recurrent hyperinflations (Marcet & Nicolini, 2003 etc.),
(ii) empirical models (Orphanides & Williams 2007, Milani 2007 etc.).

e Constant gain learning and escape routes in other contexts:
(i) currency crises (Kasa 2004),
(i) liquidity traps (Bullard and Cho JEDC 2005, Evans and Honkapohja
RED 2005).

e Other explanations for persistent learning:
(i) restarting gain when there are occasional large structural shifts.
(ii) choice among learning rules: dynamic predictor choice (non-Bayesian
approach).



