
Introduction to choice Theory

Paola Manzini and Marco Mariotti

University of St. Andrews

Paola Manzini and Marco Mariotti (University of St. Andrews)St. Andrews - PhD Workshop series 1 / 41



Choice functions and preference relations

A universal set X of ‘alternatives’or ‘states’, which we assume finite
unless stated otherwise, is given.

At this level of abstraction, the set X can be interpreted as anything which
includes objects that can be chosen, individually or collectively. Some
leading examples:

job or political candidates

commodity bundles

possible divisions of a surplus or a loss among a group of individuals

lotteries

portfolios of shares

streams of income or welfare levels over time

Menus.
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Choice sets

In different situations, different subsets of X may be available, according
to the specific constraints generated by the situation.

E.g., in consumer theory prices and budget determine the set of
commodity bundles you can afford.

You may in principle prefer A for president but A may choose not to stand.

We call a choice set any nonempty subset of X .
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Notation

Σ ⊂ 2X \∅ denotes the set of possible choice sets that can conceivably
present themselves to the decision maker.

S : a typical element of Σ.

There are essentially two ways to model the process of alternative
selection, according to which of the following two concepts we choose as a
primitive of the theory:

A (preference) relation
R ⊂ X × X

(Or a utility function representing R)

A choice function γ on Σ, that is a nonempty (possibly multivalued)
map

γ : Σ→ 2X \∅ with γ (S) ⊂ S for all S ∈ Σ
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When the preference relation (or utility) is taken as a primitive, we model
the process of selection from any set of available alternatives as a function
of preferences (or utility).

In this case two questions we may ask are:

what properties should/may a preference relation/utility satisfy?

how should/may the selection from a choice set depend on
preferences/utility?

NOTE: Preferences/Utility are not directly observable.
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When the (individual or social) choice function is taken as a primitive,
natural questions to ask are:

what properties should/may a choice function satisfy?

when is it that a choice function ‘reveals’an underlying preference
relation? And what does this preference relation look like?

NOTE: Choice are directly observable: a theory based on choice can be
falsified directly (‘nonparametrically’).
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Clearly the answers to the questions ‘what properties...?’will depend on
the context.

For example, a social choice function/preference will be expected to meet
’fairness’considerations which are absent in individual choice/preference.

However, some ‘consistency’or ‘rationality’properties have been
traditionally associated with abstract choice/preference.

For example, it may be argued that the notion of ‘better than’ought to be
transitive, no matter whether the ‘betterment’is from the ethical or selfish
point of view.
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Review of binary relations

A binary relation R on X is a subset of ordered pairs of elements of X .
That is, R ⊂ X × X .
The notation xRy is often used for (x , y) ∈ R. E.g. if R means ‘more
powerful than’, then (x , y) ∈ R or xRy means that x is more powerful
than y .

Given x , y ∈ X , there are exactly four possible cases:
(x , y) ∈ R and (y , x) ∈ R
(x , y) ∈ R and (y , x) /∈ R
(y , x) ∈ R and (x , y) /∈ R
(y , x) /∈ R and (x , y) /∈ R

Clearly if x = y only the first and last case are possible. Writing both the
second and third cases is redundant since the third case can be expressed
with the second by flipping over x and y .
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The dual (also called converse) of R, denoted R∗ is the relation such that
x is R∗-related to y whenever y is R−related to x . That is,

R∗ = {(x , y) ∈ X × X | (y , x) ∈ R}

Example. R=richer than. R∗ = ...

The complement of R, denoted RC is the relation such that x is
RC -related to y whenever y is not R−related to x . That is,

RC = {(x , y) ∈ X × X | (x , y) /∈ R}

Example. R=richer than. RC = ...
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Given two binary relations R and S on X , the composition of R and S ,
denoted RS , is the relation such that x is related to z if there is some y
such that x is related to y and y is related to z . That is...

Example. R =richer than, S=‘loves’then. xRSy = x is richer than
somebody who loves y .

Notation The n-fold composition of R with itself is denoted Rn.

The following identity holds: (
RC
)∗
= (R∗)C

For an interpretation of the above identity, let R=richer than. It says that
the dual of ‘not richer than’is the same as the negation of ‘poorer than’.
In fact, the dual of ‘not richer than’is the relation one has with somebody
who is not richer than him, that is, ‘not poorer than’.

Notation: ∆ = {(x , x) |x ∈ X} (identity relation)
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Some properties

(hold for all x , y ∈ X )
Reflexivity: ∆ ⊂ R, , or alternatively (x , x) ∈ R;

Irreflexivity: R ⊂ ∆C , that is (x , x) /∈ R;
Symmetry : R∗ = R, that is (x , y) ∈ R ⇒ (y , x) ∈ R;
Asymmetry: R ∩ R∗ = ∅, that is (x , y) ∈ R ⇒ (x , y) /∈ R∗ (or
equivalently (x , y) ∈ R ⇒ (y , x) /∈ R);
Antisymmetry: R ∩ R∗ ⊂ ∆, that is (x , y) ∈ R ∧ (y , x) ∈ R ⇒ x = y ;

Transitivity: R2 ⊂ R, that is (x , y) ∈ R ∧ (y , z) ∈ R ⇒ (x , z) ∈ R;

Negative transitivity :
(
RC
)2 ⊂ RC , that is

(x , y) /∈ R ∧ (y , z) /∈ R ⇒ (x , z) /∈ R (another useful way to look at this:
xRz implies xRy or yRz);
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Acyclicity:
(

∆ ⊂
(⋃∞

i=1 R
i
)C)

(that is, xRyR...Rz implies x 6= z);

Connectedness (or Completeness): R ∪ R∗ = X × X , that is
(x , y) ∈ (R ∪ R∗).
Weak connectedness: ∆C ⊂ R ∪ R∗

Intervality: xRy and vRw imply xRw or vRy

Semitransitivity: R2 ⊂
(
RCRC

)C
(that is xRy and yRz imply xRw or

wRz)
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Some notable types of irreflexive relations

From now on I’ll use P for an irreflexive relation, and R for a reflexive
relation.

Strict partial order (or simply partial order): P is irreflexive and transitive

Interval order : P is irreflexive and satisfies Intervality

Semiorder : P is irreflexive and satisfies Intervality and Semitransitivity

Weak Order : P is asymmetric and negatively transitive

Linear order : P is irreflexive, transitive and weakly connected (or
equivalently P is a connected weak order)
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Important observation

For a general relation R, the symmetric part of R is

I (R) = R ∩ R∗

and the asymmetric part of R is

P (R) = R ∩ (R∗)C

So if xRy is ‘x loves y’, P (R) denotes unrequited love and I (R)
reciprocal love.

When is the information contained in P the same as the information
contained in R? That is, when can we work with P instead than with R,
and viceversa.?
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In general, there is an equivalence between a partial (that is, not
connected) relation P which is asymmetric (therefore irreflexive), and a
reflexive relation R which is complete.

Suppose P is an asymmetric relation. Define I = (P ∪ P∗)C (that is, not
xPy and not yPx , also written as PC ∩ (P∗)C ).
If P is a strict preference, you can interpret I as indifference, or maybe
noncomparability.

Now you can associate with P the reflexive relation R = P ∪ I (note that
P ∩ I = ∅ so R is complete).

So
R = P ∪ I = P ∪ (P ∪ P∗)C = P ∪ ((X × X ) \ (P ∪ P∗))

By the asymmetry of P, we have P ∩ P∗ = ∅, which implies
R = (X × X ) \P∗ or

R = (P∗)C
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Suppose now R is a complete reflexive relation.

We can associate with R the obviously asymmetric (hence, irreflexive)
relation P = R ∩ (R∗)C (that is, xRy and not yRx).

By the completeness of R we have (R∗)C ⊂ R (since if not yRx it must
be xRy).Therefore R ∩ (R∗)C = (R∗)C , so that

P = (R∗)C

You can now see that by taking the dual and complementing (a composite
operation that is called coduality) we have established a one-to-one
correspondence between asymmetric relations and complete symmetric
relations.

Working with one type or the other is essentially a matter of taste.
Traditionally economists worked with R interpreted as a weak preference,
but there is a case for working with the strict preference P as it involves
fewer ordered pairs and is therefore a more parsimonious description.
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Some notable types of reflexive relations

Preorder (or quasiorder): R is reflexive and transitive

Complete preorder (or weak order or simple order): R is transitive and
connected (xRx is implied by connectedness)

Partial order (or order): R is reflexive, transitive and antisymmetric

Complete order (or chain, or total order): R is transitive, connected and
antisymmetric.
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The relation of set containment is....

The relation ‘greater than or equal to’on real numbers is....

The relation ‘indifferent to’on commodity bundles in standard consumer
theory is...

The weak preference relation on commodity bundles in standard consumer
theory is...

The Pareto relation is...

The love relation is...
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Defining P as explained previously (codual of R) it is easy to see that if R
is a partial order, then P is a strict partial order.

If you have a partial order (or a preorder) and R is interpreted as weak
preference, it can happen that neither xPy nor yPx nor xIy .

In this case we may say that xand y are incomparable, as distinct from
indifferent.
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Greatest and maximal sets

Given a binary relation R on X and S ⊂ X , we can define the set of
greatest elements of S according to R by

R − greatest (S) = {x ∈ S | (x , y) ∈ R for all y ∈ S}

Similarly, we can define the set of maximal elements of S according to R
by

R −max (S) = {x ∈ S | (y , x) /∈ P for all y ∈ S}
Obviously, given R ∈ X × X and S ∈ X , if x is a greatest element it is
also a maximal element.

So if xRy is ‘x loves y’, R − greatest (S) is the set of all people in S who
love everybody in S , while R −max (S) is the set of all people that love
back anybody who loves them (and may or may not love people who don’t
love them).
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For any maximal x and given y there are two cases: either x and y do not
love each other, or x loves y (who may love back or not).

We exclude only the case where x does not love, but is loved by, y . So
equivalently we can write:
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It is not diffi cult to see that if R is acyclic, R −max (S) is nonempty (with
X finite).

Sketch of argument for love: suppose not. Then you can find an arbitrarily
long sequence (contradicting finiteness) of distinct people such that any
person in the sequence loves the previous one but is not loved by the next
one.
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Revealed preference and the rationalisability problem

Behaviour (individual or social) is directly observable in a way that
preferences are not.

It is natural to ask when the two concepts can be connected. When and
how is a choice function derivable from an underlying relation? In the
common terminology, when does it ‘reveal’an underlying relation?

Example
A set of leaders must be chosen from any subgroup. Maybe the choice is
connected to some underlying power relation.

In economics, the revealed relation is interpreted as preference.

In particular, in economics we focus on the idea of ‘rational’, or
‘consistent’choice.
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Choices will be rational if

1) they are the best that can be made, according to the ‘revealed’
preference relation, given the feasible set;

2) the revealed preference itself exhibits some rationality property.

Satisfying (1) and (2) is the rationalisability problem (relationship with
classical demand theory).
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According to what rationality property of relations we focus on, we have
different types of rationalisability.

Say M is a property of relations. We say that γ is M−rational (or
M−rationalisable) if there exists a relation R satisfying M such that

γ (S) = R − greatest (S) for all S ∈ Σ

In this case say that R M−rationalises γ.

So we may have acyclic rationality, quasitransitive rationality, etcetera.
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The paper by Kalai, Rubinstein and Spiegler (2002) offers an innovative
approach to rationalisation (multiple rationales).

We will focus on transitive rationalisability and in particular on weak
orders.

To emphasise this, we talk about full rationality. A choice function is fully
rational when it is rationalised by a weak order R (henceforth we denote
its asymmetric and symmetric parts simply P and I ).
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Importance of domain.

Looking at the definition, you see that clearly the domain Σ is crucial to
whether a choice function is rationalisable or not.

A choice function may be rationalisable on some domains but not other
ones.

Other classical domain conditions that have received attention:

(1) if S ,T ∈ Σ then S ∪ T ∈ Σ (closure to finite union)

(2) (in bargaining theory) S ⊂ Rn, S compact and convex, 0 ∈ intS .
(3) (in consumer theory) S = {x ∈ Rn+|px ≤ k}, k ∈ R++, p ∈ Rn+.
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Why the greatest?

Nothing would prevent us from considering R −max (S) instead of
R − greatest (S) in the definition of rationalisability, or other concepts yet.

Each of these choices would lead to a different theory.

Example
W hen goods have multiple attributes or dimensions, suppose you choose
all the goods which are not dominated in all dimensions.

This may be rationalised using R −max (S) but not using
R − greatest (S).
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‘Rationality axioms’for choice functions

Arrow’s axiom Let S ,T ∈ Σ and S ⊂ T . Then either γ (T ) ∩ S = ∅ or
γ (T ) ∩ S = γ (S).

Interpretation: imagine that you are gathering information on holiday
locations, and you make a preliminary selection.

You are willing to go to the mountains or to a city, but not to the seaside.
Now you discover that all suitable mountain hotels are fully booked but
there is availability for the city and for the seaside. Arrow’s axiom says two

things for this restricted choice problem:

1) You still ought to choose the city.

2) You ought not to choose the seaside.
In other words, the only reason to choose the seaside is that both
mountain and city are no longer available.
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Similarly, suppose you have a shortlist of candidates for a job. Suppose
some candidates in the shortlist withdraw. Arrow’s axiom says that:
1) None of the surviving shortlisted candidates should be excluded.

2) None of the candidates which weren’t shortlisted before are added to
the shortlist.

You can see from these examples that while Arrow’s Axiom is plausible,
there are conceivable situations in which its violation is not incompatible
with rationality.
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Consider these arguments:

5 candidates are necessary in the shortlist to make appropriate
comparisons. If somebody withdraws, somebody else must replace
her.

you choose your holiday location on the basis of three characteristics:
price, distance and scenery. In your preliminary selection you eliminate
the type of location which is dominated in all three characteristics.
Mountains dominate seaside in all three aspects, but city does not
dominate seaside, and mountain does not dominate city. When
mountains become unavailable, seaside is reconsidered.

your preliminary holiday selection consists of buying tourist guides,
and you have a budget for two tourist guides. When you realise that
mountains are out, you spend the money on the seaside guide.
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Some other similar axioms
(apply for S ,T ∈ Σ)
Houthakker’s axiom : Let x , y ∈ S ∩ T , x ∈ γ (S) and y ∈ γ (T ). Then
x ∈ γ (T ).

Interpretation: you choose the seaside when the mountainside is available.
Then, when the mountainside is chosen, the seaside should also be chosen
if available.

Sen’s property α: Let x ∈ S ⊂ T and x ∈ γ (T ). Then x ∈ γ (S).

Intepretation (Sen’s): If the world champion is Italian, she must be also be
the Italian champion.

Sen’s property β: Let x , y ∈ γ (S), S ⊂ T and y ∈ γ (T ). Then
x ∈ γ (T ).

Intepretation (Sen’s): If the world champion is Italian, any ex-aequo Italian
champion is also a world champion. Also useful to look at it in this way:
Suppose x is not chosen from the larger set . If x becomes chosen from
the smaller set, then anything that was chosen in the larger set is not
chosen in the smaller set.
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There are many other axioms of this type. One other important one is the
Weak Axiom of Revelaed Preferences:
WARP:

WARP: If x ∈ γ (S), y ∈ A and y ∈ γ (T ) then not (x ∈ T\γ (T )).
Objections to these as necessary ‘rationality’properties along similar lines
as to Arrow’s.

Observations:
(1) Take any binary relation R. The choice function γ on Σ given by
γ (S) = R −max (S) for all S ∈ Σ, if it exists (i.e. γ is nonempty),
always satisfies Sen’s property α. Informally, the maximal elements in the
large set remain maximal in the smaller set.

(2) The same is not true of Sen’s property β. Suppose zPxIyIz . Then
R −max (xy) = {x , y} but R −max (xyz) = {y , z}. Can you see what
property of R we need for property β to hold?
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Choice functions on the full domain

Given any choice function γ on the domain Σ = 2X \∅, it is possible to
define the base relation, denoted Rγ, associated with γ, as follows:

Rγ = {(x , y) ∈ X × X |x ∈ γ (xy)}
Note: this construction is possible whenever the domain contains all binary
choice sets, so the definition remains valid for more domains than 2X \∅.
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The following result shows that we can restrict the search of a rationalising
relation to the base relation:

Proposition

A choice function γ on Σ = 2X \∅ is rational if and only if Rγ is a
rationalisation of γ.

Proof: ‘if part’: If Rγ is a rationalisation of γ, it is immediate that γ is
rational.

‘Only if’: Let γ be rational with rationalisation R. Take some {x , y} ∈ Σ.
We have:

(x , y) ∈ Rγ ⇔ x ∈ γ (xy) [definition of Rγ]

⇔ x ∈ R − greatest (xy) [R rationalises]
⇔ (x , y) ∈ R [definition of R-greatest]
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Moreover, Arrow’s axiom has an important implication for the base
relation:

Proposition

Let γ be a choice function on Σ = 2X \∅. Then if γ satisfies Arrow’s
axiom, the base relation is a weak ordering.

Proof: We wish to prove that Rγ is (i) reflexive, (ii) complete and (iii)
transitive.

(i) Since γ is nonempty, necessarily γ (xx) = x .

(ii) Since Σ = 2X \∅, for all x , y ∈ X we must have either x ∈ γ (xy) or
y ∈ γ (xy) or both.

(iii) Take x , y , z ∈ X . Say w.l.o.g. x ∈ γ (xy) (that is xRγy) and
y ∈ γ (yz) (that is yRγz).

If x = y or y = z we have immediately that xRγz as desired.
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So assume x , y , z are distinct.

Consider S = {x , y , z}. What can γ (xyx) be?

Suppose γ (xyz) = z . By Arrow’s axiom this would imply γ (yz) = z , a
contradiction.

Similarly, it cannot be γ (xyz) = y , nor γ (xyz) = yz .

Therefore x ∈ γ (xyz). By Arrow’s axiom then x ∈ γ (xz), that is, xRγz
as desired.
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The basic connection result:

Theorem

Let γ be a choice function on Σ = 2X \∅. Then γ is fully rational if and
only if it satisfies Arrow’s axiom.

Proof: ‘if ’. In view of the propositions above, what we’ll need to do is to
show that not only does the base relation rationalise γ on binary choice
sets (that is, γ (xy) = Rγ − greatest (xy) and Rγ is an ordering), but that
it does so on any choice set.

We do this by showing first that γ (S) ⊂ Rγ − greatest (S), and then that
Rγ − greatest (S) ⊂ γ (S).

Paola Manzini and Marco Mariotti (University of St. Andrews)St. Andrews - PhD Workshop series 38 / 41



So let S ∈ Σ, let x ∈ γ (S) and let y ∈ S . Applying Arrow’s axiom we
have that x ∈ γ (xy) (that is, xRγy).

But note that y was chosen arbitrarily. So certainly
x ∈ Rγ − greatest (S) . This means:

γ (S) ⊂ Rγ − greatest (S)
For the other inclusion, suppose now that x ∈ Rγ − greatest (S) and let
y ∈ γ (S). Can we show that x ∈ γ (S)?

Arrow’s axiom says that

γ (xy) = {x , y} ∩ γ (S)

Since x ∈ Rγ − greatest (S) we must also have in particular

x ∈ γ (xy)

Combining the previous two expressions we conclude that x ∈ γ (S).
Therefore Rγ − greatest (S) ⊂ γ (S).
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Remark : you can see here the double role played by Arrow’s axiom.

On the one hand we want that if x is chosen from a large set, it is also
chosen from a smaller set (if available).

On the other hand, we want that if x is chosen from a small set which
contains the choice from a large set, then x must also be in the choice of
the large set (equivalently, if x is not chosen from a large set, then it
cannot be chosen in any smaller set unless all the choices from the large
set have gone).

Paola Manzini and Marco Mariotti (University of St. Andrews)St. Andrews - PhD Workshop series 40 / 41



‘only if ’: suppose that γ is fully rational. That is, there exists an ordering
R such that γ (S) = R − greatest (S) for all S ∈ Σ. (isn’t it R = Rγ?
Well spotted, but we don’t need this fact here).

Now take S ,T ∈ Σ with S ⊂ T .
Let x ∈ S ∩ γ (T ). Does x also belong to γ (S)? Well, we know that xRy
for all y ∈ T (since γ (T ) = R − greatest(T ) and x ∈ γ (T )). Therefore
xRy for all y ∈ S . And since γ (S) = R − greatest(S), we conclude that
x ∈ γ (S).

Now we are almost done. We only need to prove that no new choices
appear in the smaller set unless γ (T ) has been eliminated from T to
arrive at S (that is, unless γ (T ) ∩ S = ∅).

Suppose x ∈ γ (S) but x ∈ T\γ (T ).
Since γ (T ) = R − greatest (T ), for all z ∈ γ (T ) we have zPx . So it
cannot be z ∈ S ,since x ∈ γ (S) implies xRy for all y ∈ S . Done.
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