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1.1 The UIP anomaly

1.1.1 The base line UIP regression and UIP hypoth-
esis

The baseline Uncovered interest parity (UIP) hypothesis can be
stated as: in the regression (variable definitions to follow)

rt+1 = α + β (ft ¡ st) + ut+1, (1)

where E(ut+1) = 0, we should not be able to reject β = 0, or at
least, we should not be able to reject β > 0. There are many
extensions to this benchmark treatment, including time varying
premium, home preference, wedges between ft and the expecta-
tion for st+1, and so on, which we need not consider.

Excess returns and forward premium Consider a US in-
vestor who, at time t, can invest either in a domestic dollar-
denominated bond or in a foreign sterling-denominated bond. The
nominal interest rate, paid at maturity t+1, is It for the domestic
bond and I¤t for the foreign bond. The interest rates It and I¤t
are agreed upon and known at time t. Let the exchange rate be
St, such that one pound sterling is worth St US dollars. Consider
the following two strategies, each involving an investment of $1
at time t:

1. Invest in the domestic US$ bond. The yield at time t + 1
is $It, which can be approximated by it ´ log (1 + It) since
log (1 + It) ¼ It for small It.
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2. Invest in the foreign UK£ bond. The $1 is first converted at
the current exchange rate into £1/St. This amount is then in-
vested in the foreign bond at time t, to produce £(1 + I¤t ) /St

at time t + 1. Converting it back into dollars at the new ex-
change rate St+1 gives $(1 + I¤t )St+1/St. Using a¡1 ¼ log a,
the approximate US$ yield is i¤t + st+1¡ st, where st ´ logSt

and i¤t ´ log (1 + I¤t ). The difference ∆st+1 ´ st+1¡ st is the
approximate rate of depreciation of the US currency.

Ignoring transaction costs, the excess return on investing in the
foreign asset is then defined as

rt+1 ´ i¤t ¡ it +∆st+1. (2)

The EMH rationale for the UIP Hypothesis The effi-
cient market hypothesis (EMH) would require that rt+1 should
not be predictable. In particular, the forward premium (ft ¡ st),
where ft is the log of the forward rate Ft, should have no explana-
tory power. Also, if foreign bonds consistently deliver a positive
excess returns, investors would move their holdings to this as-
set, forcing down the foreign interest rate. Hence the hypothesis
requires that

rt+1 = ut+1, (3)

which implies that α = 0 and β = 0 in the previous regression
(1).

The UIP paradox The following is a typical application of
the benchmark UIP hypothesis and produces typical results. We
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obtained data from the BIS for the period January 1979 to Feb-
ruary 2004.
Running the regression (1)

rt+1 = α + β (ft ¡ st) + ut+1.

on the original data, Ordinary Least Squares (OLS) gives

r̂t+1 = 0.00454

(2.48)

[2.42]

¡3.48 (ft ¡ st)

(¡5.25)
[¡3.27]

(4)

(): t-ratios and [] their Heteroskedastic andAutocorrelation-Consistent
(HAC) versions. The RESET is 5.17 (2%).

1.1.2 Analysis of the result

Spot and forward exchange rates and the UIP anom-
aly The main puzzle is the significantly negative estimates for
β, which is a standard findings in the literature.

1. ² A US investor, who will need, say, £1 in the next period
t + 1, does not need to put any money down today.

² He can either wait for next period and get the rate St+1,
i.e. he will have to pay then $St+1 for this £1.

² Or he can commit himself on the forwardmarket, agreeing
to pay the rate Ft. He will have to pay $Ft for this £1.

² Deep pocket risk neutral speculators would force, assum-
ing that the distribution of St+1 is common knowledge at
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time t, the equality of the forward rate and of the expected
value of the spot rate, let’s refer to it as the forward rate
hypothesis (FRH)

Ft = Et [St+1] (5)

² At short horizons, the variability of the exchange rates is
not very high. Suppose that st+1 = log (St+1) follows a
random walk (see below), i.e. st+1 ∼ N

¡
st, σ

2
¢
:

st+1 = st + εt+1, εt+1 ∼ N
¡
0, σ2

¢
, σ2 small(6)

=) Et [st+1] = st. (7)

Then the exchange rate St+1 = exp (st+1), has a log-
normal distribution LN

¡
St, σ

2
¢
. Hence,

Et [St+1] = St exp
¡
σ2/2

¢
.

Therefore, the arbitrage condition on the foreign exchange
market (5) implies

ft = logFt

= log
£
St exp

¡
σ2/2

¢¤
= logSt + log

¡
exp

¡
σ2/2

¢¢
= st +

σ2

2
.

By (7),

ft = Et [st+1] +
σ2

2
, or

ft ' Et [st+1] .
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² In this context, ft is an estimator for st+1. A positive for-
ward premium (ft ¡ st)would be interpreted asEt [st+1] >

st, the investor will have to pay, tomorrow, more $’s, St+1

to be precise, to get his pound, than today, when he only
has to pay St. This means that the forward premium
forecasts a depreciation of the $.

² The negative coefficient β indicates that positive forward
premiums are associated with a negative excess returns
rt+1 (i.e. the returns on investing in the £ will not be as
good as investing in the $), i.e. there will be higher excess
to be made in keeping your money in $’s.

² To summarize, positive forward premia are systematically
associated with both excess returns on the $ to be made
in the next period AND a depreciation of the $. Event
hough $-denominated bonds will perform better, the $
will depreciate.

² Investors are running away from the $ (depreciation) when
the $ is the currency in which to invest (excess returns)!

² Does it make sense to think the exchange rate follows a
log-normal process?

— When the ER follows a normal process, the £ is as
likely to go up by c/10 tomorrow, irrespective of whether
£1 = $1 today, or £1 = $3, i.e. a 10% appreciation in
the first case is as likely as a 3.33% appreciation in the
second case.

— When the ER follows a log-normal process, the £ is as
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likely to appreciate by 1% irrespective of whether £1
= $1 today, or £1 = $3.

Further remarks

1. There is a substantial amount of autocorrelation and het-
eroskedasticity left over in the residuals, as is evidenced by
the difference between the adjusted and unadjusted t-ratios.

2. RESET indicates substantial omitted nonlinearities in the
residuals, coming from the absence of accounting for the non-
linear dynamics of the variables.

3. Comments 2 and 3 point to a misspecified regression. Never-
theless, inference that is robust to standard autocorrelation
and to heteroskedasticity can be carried out using HAC t-
ratios. They show that both coefficients of the regression are
significantly different from zero, the second being substan-
tially negative, though not as much as before.

4. Scatter plot of the excess return rt+1 (on the vertical axis)
versus the forward premium (ft ¡ st) (on the horizontal axis):
data form a funnel shape (heteroskedasticity), with a clear
negative inclination (β < 0).
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1.1.3 UIP anomaly and exchange rate dynamics

In order to identify the nature of the issue at hand, we briefly
consider another two essentially equivalent formulations of a test
for this hypothesis.

Second form of the UIP hypothesis: implication for the
dynamics of the exchange rate Another form of the UIP
regression can be derived by using the Covered Interest Parity
(CIP) relation. Consider an alternative strategy for investing $1,
which is to convert it into £1/St, invest this amount in the for-
eign bond and sell forward the forthcoming £(1 + I¤t ) /St at the
forward rate Ft. Since all of these transactions can be completed
today at no risk, the US$ yield on this strategy, i¤t + ft¡ st, must
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be equal to the US$ yield it of investing in a domestic bond, by
arbitrage. Hence,

i¤t ¡ it = ¡ (ft ¡ st) . (8)

By substituting this into (1) and using definition (2), we get the
second form of the UIP regression:

∆st+1 = α + (1 + β) (ft ¡ st) + ut+1. (9)

Formulations (1) and (9) are equivalent, up to the CIP relation.
Unlike the UIP relation, one can verify that the CIP holds almost
exactly in the major markets.

² Note that the excess return definition (2) can be rewritten as

i¤t ¡ it = ¡ (st+1 ¡ st) + rt+1. (10)

Comparing (8) and (10), we can see that

st+1 ¡ ft = rt+1,

when ft undershoots st+1, the excess return is positive, i.e. if
the £ appreciates more than f predicted, the investment in
£ pays off by exactly the undershooting.

² The UIP and the FRH together state that β = 0, st+1 =
ft + ut+1.

The curious case of β = ¡1.
² When β = ¡1, the forward premium (ft ¡ st) has no ex-
planatory power over the depreciation of the currency. The



Gabriel Talmain, AQMeN, 4-5 November 2010 10

spot rate st follows a random walk (if the residuals are white
noise) possibly with drift

∆st+1 = α + ut+1.

² The UIP regression can then be interpreted as

rt+1 = ¡ (ft ¡ st) +∆st+1

= α¡ (ft ¡ st) + ut+1

= α + (i¤t ¡ it) + ut+1.

² The excess return is a white noise plus a time-varying mean
which is linked to the interest rate differential in the pre-
vious period, or equivalently to the opposite of the forward
premium.

² The investment recommendation in this case is:
“forget about appreciation or depreciation, put your
money where the interest rate is high!”
This indeed forms the basis for the practice of carry trade
in the FX. The empirical result (4) above suggests an even
better performance for this strategy: the excess return in the
next period should be a 3.5 multiple of the interest rate differ-
ential. Note that the profitability of this type of carry trade
hinges on whether β < 0.

Third form of the UIP hypothesis The third form of the
UIP regression is obtained by recalling that∆st+1 ´ st+1¡st and
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adding st to both sides of (9):

st+1 = α + γft ¡ βst + ut+1, (11)

where γ ´ 1 + β, the test becoming β = 0 and γ = 1. This
formulation is in terms of the levels of the variables, with st+1
as the dependent variable and only ut+1 is contemporaneous to it
in the equation. This form has the advantage of disentangling ft
from st.

1.1.4 Modelling exchange rate dynamics

These alternative forms of the UIP regression brings the dynamics
of st in the picture. Perhaps the surprising estimate for β is due
to a misidentification of the process followed by ut+1? Perhaps
the dynamic of the ER st is not properly modeled? Indeed, we
have seen that a RWmodelling of the st can lead to a result closer
to what has been observed in practice, although it also requires
the forward rate to fail completely as a predictor of the future
exchange rate.
How to model the dynamics of st, since it seems to play such

an important role?

² Random Walk: based on the (9) formulation, L being a dis-
tribution of probability with good regularity properties,

∆st+1 = εt+1, εt+1
i.i.d.
; D

¡
0, σ2

¢
.

If ft is a close estimator of st+1, we should not be able to
reject β = 0. If ft is not related to st+1, in the sense that
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(ft ¡ st) has no explanatory power over∆st+1, we should find
β̂ ' 1.

² ECM-type dynamics: extending the (11) formulation

∆st+1 = γ0∆st + ¢ ¢ ¢ + γp∆st¡p + (1 + β) (ft ¡ st) + εt+1,

εt+1
i.i.d.
; D

¡
0, σ2

¢
.

Or even go to fractional integration see Baillie and Bollerslev
(1994) Journal of Finance,

(1¡ L)d (st+1 ¡ μ) = (1 + β) (ft ¡ st)+εt+1, εt+1
i.i.d.
; D

¡
0, σ2

¢
.

but that does not do the trick,

² Or attack the heteroskedasticity in the residuals by assum-
ing a FIGARCH: Fractionally Integrated GARCH, see Bail-
lie and Bollerslev (2000) Journal of International Money and
Finance. Their conclusion is summarized in their title: “The
forward premium anomaly is not as bad as you think”.

² Let’s take the notion of exploring the possible dynamics in
the residuals a bit further. How can we investigate it?

² The autocorrelation function (ACF) of a process z ´ fztgTt=0
is the function ρ (τ )

ρ (τ ) =
Covar (zt, zt¡τ)p
Var ztVar zt¡τ

.

² What does the empirical ACF of st looks like?
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ACF fitted ACF

ACF of the log(exchange rate) and its fit by our functional form.

This ACF seems to exhibit a strong pattern.
We extend the functional form of our previous paper to accom-

modate rates as well as levels of variables:

ρτ ¼
1¡ a [1¡ cos (ωτ )]

1 + bτ c
, (12)

The denominator comes from our previous study, the numera-
tor is needed to accommodates medium-term cycles.

² Forms encompasses the functional form previously derived
(a = 0 or ω = 0).

² Parsimonious functional form, requires only 4 parameters: a
which controls the amplitude of the cycle, ω which controls
its frequency, b and c which together control the asymptotic
rate of decay.
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² This is a very fitting functional form, consider the fit exhibited
in figure 2.

1.1.5 Comovements

Up to know, we have only dealt with univariate dynamics, “such
as what is the dynamics of st?” The UIP regression requires an
extension of the framework. It essentialy try to establish whether
there is a dependence relationship between excess return rt+1 and
the forward premium (ft ¡ st). Often, such type of questions are
refered to as comovements between variables y , x1, x2, . . . , xN .

² When all variables are stationary, classical statistical theory
applies, one can use Box-Jenkins methodolody.

² Cointegration has been developed to investigate the questions
related to this issue of dependence between linear processes
when some of the variables are integrated.

² Can one still apply the methodology of cointegration when
the some of these processes exhibit the dynamics we have
just described? The short answer is NO:

— Suppose that one considers, after the usual checks on the
degrees of integration, the dynamic relationship

yt = αyt¡1 + βxt + ut, assuming ut
i.i.d.
; N

¡
0, σ2

¢
,

cov (ut, xt) = cov (ut, yt¡1) = 0.

Then the OLS estimator has the classical properties (un-
biased, consistent). Hower, suppose that the true process



Gabriel Talmain, AQMeN, 4-5 November 2010 15

for the residuals is an AR(1):

yt = αyt¡1 + βxt + ut,

with ut = ρut¡1 + εt, εt
i.i.d.
; N

¡
0, σ2

¢
,

running OLS on the first regression will yield biased and
inconsistent estimators, for instance

plim α̂ = α+
ρVarxtVarut

(1¡ αρ)
£
Var yt¡1Varxt ¡ Covar2 (xt, yt¡1)

¤.
— Naturally, when ut does not followas simpleAR(1) process
but the much more complicated process described above,
the situation is much worse.

— One has to devise a methodology that can simultaneously

¤ produce estimates of the coefficients of the variables
with good properties,

¤ estimates the parameters governing the dynamic of the
residuals.

1.1.6 Use of GLS to deal with autocorrelated errors

We now proceed to investigate this problem, starting from an
illustrative example.

Illustrative AR(1) example Consider the simple illustrative
model

zt = βxt + ut, (13)

with ut = ρut¡1 + εt where jρj < 1andεt » IID
¡
0, σ2

¢
,
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There are two standard procedures: GLS and ECM (or ADL).
GLS procedure (ECM latter):

² One usually starts by estimating ρ, then

² transform z and x to remove autocorrelation,

² use OLS on the transformed data to estimate β.

To illustrate, the vector z is transformed as

Az ´

0BBBBB@
ϕ 0 0 ¢ ¢ ¢ 0
¡ρ 1 0 ¢ ¢ ¢ 0
0 ¡ρ 1 . . . ...
... . . . . . . . . . 0
0 ¢ ¢ ¢ 0 ¡ρ 1

1CCCCCA

0BBBBB@
z1
z2
z3
...
zT

1CCCCCA =

0BBBBB@
ϕz1

z2 ¡ ρz1
z3 ¡ ρz2

...
zT ¡ ρzT¡1

1CCCCCA ,

(14)

² where ρ is the previous estimate,

² one chooses ϕ =
p
1¡ ρ2 to stabilize the variance of the

residuals.

² The lower triangular matrix A arises from the Cholesky de-
composition of the autocorrelation matrix

R ´

0BBB@
1 ρ ρ2

ρ 1 ρ . . .
ρ2 ρ 1 . . .
. . . . . . . . .

1CCCA =
¡
1¡ ρ2

¢
LeL0, where A = L¡1

(15)
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If ut were following an AR(p), then the lower triangular matrix
A in (14) would contain p + 1 nonzero diagonals, and the first p
rows would have a normalization as was done for ϕ. When the
variables have long memory, as is in our case, one needs a very
large p to make this transformation. We are going to see how to
overcome this problem.

Generalization We consider the general model

zt = z̃t + ut, t = 1, 2, . . . T, (16)

² where z̃t represents the ‘fundamental’ value of zt,

² while ut are the residual dynamics of adjustment towards such
a value.

We may want to particularize to the typical linear relationez = Xβ, where X may or may not contain lagged dependent
variables. Note that (13), i.e. AR(1), is a special case of this
model. If we could somehow observe/estimate u, we could

1. Cholesky-decomposeR the autocorrelationmatrix ofu, namely

R ´

0BBBBBBB@

1 ρ1 ρ2
. . . ρT¡2 ρT¡1

ρ1 1 ρ1
. . . . . . ρT¡2

ρ2 ρ1
. . . . . . . . . . . .

. . . . . . . . . . . . ρ1 ρ2
ρT¡2

. . . . . . ρ1 1 ρ1
ρT¡1 ρT¡2

. . . ρ2 ρ1 1

1CCCCCCCA
,
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into R = θLL0, where L is lower-triangular. The scalar θ is
such that lt,t = 1, where lt,t: last element of L¡1. Parallel
with AR(1): A ´ L¡1 and θ = 1¡ ρ2.

2. Transform the data asAz andAez and regress themby tradi-
tional methods. For the linear case, Aez boils down to trans-
formingX into AX.

In the AR(1) case, we had ρτ = ρτ , hence only one parameter,
ρ, to estimate. In the general case, estimating R requires esti-
mating T ¡ 1 parameters ρτ , which is tantamount to infeasible
GLS.

1.1.7 ACF-based procedure

To simplify the exposition, we adopt the linear model

z =Xβ + u, with u » D1 (0,Σ) (17)

where Σ is the T £ T autocovariance matrix. We assume that
ut (t = 1, 2, . . . , T ) is mean-reverting, so thatΣ has a symmetric
Toeplitz structure. All the variables must be demeaned! u is
not observed, but we assume its ACF has the previous functional
form (12).

We are going to exhibit the mapping of the four parameters
p = [a, b, c, ω]0 of the functional form into the log-likelihood
L (p) of u. Then, standard nonlinear optimization algorithms can
be used to find the value p̂ which maximizes L (p).

Indeed, the parameters β and p must be estimated jointly.
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1. Given the parameter vector p, construct the ACF

ρτ =
1¡ a [1¡ cos (ωτ )]

1 + bτ c
, (18)

2. Construct correlation matrix R:

R ´

0BBBBBBB@

1 ρ1 ρ2
. . . ρT¡2 ρT¡1

ρ1 1 ρ1
. . . . . . ρT¡2

ρ2 ρ1
. . . . . . . . . . . .

. . . . . . . . . . . . ρ1 ρ2
ρT¡2

. . . . . . ρ1 1 ρ1
ρT¡1 ρT¡2

. . . ρ2 ρ1 1

1CCCCCCCA
.

3. Cholesky decompose R as

R = eLeL0,

invert eL and define the correlation removing matrix A by
normalizing the last element to be 1

eL¡1 =

0BBB@
l1,1 0 ¢ ¢ ¢ 0
... . . . . . . ...
... . . . . . . 0

l1,T ¢ ¢ ¢ ¢ ¢ ¢ lT,T

1CCCA
A =

1

lT,T
eL¡1 =

µ
¤ 0

¡α0 1

¶
,

with α0 ´ (αT¡1, ¢ ¢ ¢ , α2, α1) .

We will denote this mapping as R (p) and A (p).
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4. After transformation by A (p), we have, under the null hy-
pothesis, the regression equation

A (p)z = A (p)Xβ + ε, with ε » D2
¡
0, σ2IT

¢
.

5. After concentrating the log-likelihood with respect to β̂ and
σ̂, the ML Estimator (MLE) of R is obtained by maximizing
the (standard) log-likelihood, L, is given by

L (p) = ¡ log
¡
det

¡
w0R¡1 (p)wR (p)

¢¢
(19)

¡T (1¡ log (T )) ,

where β̂ (p) =
¡
X 0R¡1 (p)X

¢¡1
X 0R¡1 (p)z,

and w ´
³
z ¡Xβ̂ (p)

´
.

This last point obtains as follows.
The Generalized Least Squares (GLS) estimators can be ob-

tained byminimizing the criterion (z ¡Xβ)0Σ¡1 (z ¡Xβ)with
respect to all parameters jointly. Alternatively, theML estimators
are obtained by maximizing

¡ log jΣj ¡ (z ¡Xβ)0Σ¡1 (z ¡Xβ) , (20)

where only the first term differs from the GLS criterion, and it has
the beneficial effect of ensuring that the elements of the diagonal
of A are not too far from unity. This difference is responsible for
another desirable property that the method of ML has, that it is
invariant to reparameterizations of the model. Concentrating the
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log-likelihood with respect tobβR ´ (X 0R¡1X)¡1X 0R¡1z (21)

and bσ2L ´ 1

T
(z ¡XbβR)0 (AA0)

¡1
(z ¡XbβR) (22)

(i.e. substituting bβR, bσ2L for β, σ2 into (20) and using Σ ´
σ2AA0 / R) gives

¡ log
¯̄̄̄
1

T
(z ¡XbβR)0 (AA0)

¡1
(z ¡XbβR)AA0

¯̄̄̄
¡ T

= ¡ log
¯̄̄̄
1

T
(z ¡XbβR)0R¡1(z ¡XbβR)R¯̄̄̄

¡ T

= ¡ log
¯̄̄
(z ¡XbβR)0R¡1(z ¡XbβR)R¯̄̄

+ T log(T )¡ T

by
¯̄
T¡1M

¯̄
= T¡T jM j for any T £ T matrixM , which yields

(19), to be optimized with respect to the parameters of the ACF.
The log-likelihood is nonlinear in R, and a grid search over the
4 parameters of the ACF may be needed to ensure that a global
maximum is achieved.

Results from our procedure ACF-basedMLprocedure pro-
duces the following estimate

ρ̂τ =
1¡ 1.07 [1¡ cos (0.0541τ )]

1 + 0.0218τ 0.949
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Transforming the data using the corresponding A (p̂) matrix, we
obtain the following estimates

r̂acft+1 = 0.0000250

(0.01)

[0.03]

¡1.35
¡
facft ¡ sacft

¢
(¡0.60)
[¡0.48]

, (23)

where the superscript “acf” denotes the transformed variables.

² RESET: 0.43 (51%), no leftover nonlinearities,

² HAC adjustment makes almost no difference to the t-ratios
now, so there is very little residual dynamics or heteroskedas-
ticity leftover,

² the forward premium (ft ¡ st) has no predictive power at all
for the excess returns rt+1, neither linearly (because β̂ is in-
significant) nor as a nonlinear function (because the RESET
statistic is insignificant).

² scatter plot: round ‘cloud’ with no particular tendency or
clear deformation, the way that the scatter plot of two inde-
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